OBSTRUCTIONS AND FINITENESS THEOREMS FOR DEFORMATIONS OF 

COMPLEXES 
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Abstract. We develop an obstruction theory due to Gabber concerning deformations of bounded 
complexes V of modules for a profinite group G over a field k of positive cliaracteristic p. We also 
prove a finiteness theorem which provides some sufficient conditions for the versal deformation of 
V' to be represented by a complex of G-modules that is strictly perfect over the associated versal 
deformation ring. 
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1. Introduction 

Suppose that fc is a field of characteristic p > and that G is a profinite group. In [T^, Mazur 
developed a deformation theory of finite dimensional representations of G over k. His work was 
based on that of Schlessinger in [16' ; a more explicit approach was later described by de Smit and 
Lenstra in [1] . In |10] , lUusie generalized the first order deformation theory of smooth schemes to 
the non-smooth case. To do this it was essential to work in various derived categories, e.g. the 
derived category of simplicial sets and the derived category of modules in a topos. In [H [2], we 
generalized Mazur's deformation theory by considering, instead of fc-representations of G, objects 
V in the derived category D~ {k[[G]]) of bounded above complexes of pseudocompact modules over 
the completed group algebra k[[G]] of G over k. The case of fc-representations amounts to studying 
complexes that have exactly one non-zero cohomology group. In this paper we consider the problem 
of determining the versal deformation ring R{G, V) and the versal deformation U (G, V) associated 
to such V*. As in [2], we will assume V* is bounded and has finite dimensional cohomology groups, 
and that G satisfies a certain finiteness property so as to be able to apply Schlessinger 's work. For 
details concerning these assumptions and the definition of the deformation functor Fy we consider, 
see 32] 

Our first goal is to describe an obstruction theory for quasi-lifts of complexes which is due to 
Gabber. As in the classical case of deformations of modules, obstruction theory provides a way to 
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determine whether a given quasi- Uft (Z* , C) of V* over some complete local Noetherian ring A with 
residue field k can be lifted to those complete local rings A' such that A is isomorphic to A' /J for 
some ideal J of square 0. Gabber outlined a construction of a lifting obstruction uj{Z',A') in the 

expected group Ext^_(^jjQ]j-)(Z*, J(g)^Z*) with the property that uj{Z*,A') vanishes if and only 
if lifts to A'. The question then arises whether this obstruction is functorial. Following a 

suggestion of lUusie, we will show that A') is functorial by using the spectral sequence 

(1.1) = Ext^_(^((^j,)(7^-^(v4®^;,Z-), M\Z') =^ ExtP+_%,[[e]])(Z-, M\Z'). 

We will show that uj{Z*,A') is the image under dj'^ : E^'"^ E^''^ of a canonical element in E^'^ . 
Gabber's construction will be shown to arise from the exact sequence of low degree terms 

(1.2) ^ ^ ^ Er/W',' ^ 

where Fjj = Fjj Ext]5-(^,[jQ]]-)(Z', J^\z*) is the second to last term in the second filtration of the 
total cohomology of a bicomplex whose first total cohomology group is Ext^-(^/jjQ]]-)(Z*, J^\z') 
(see H3.ip . We will in fact interpret Fjj as the set of extension classes arising from short exact 
sequences of bounded above complexes of pseudocompact A'[[G]]-modules 

(1.3) 0^ X' ->Y' ^ Z' ->0 

in which X* is annihilated by J and isomorphic to J(g)^Z* in Z?^(A[[G]]). 

When the obstruction uj{Z',A') vanishes, so that {Z' , () lifts to A' , we will show that the set of 
all isomorphism classes of such lifts is a principal homogeneous space for E^^. If there is an algebra 
section s : A ^ A' , we show in Remark |3 . 1 1 1 that E]^ is equal to £"2'° = Ext^_(^[[Qj]-)(Z', J®j^Z*). 

However, we expect E]^ to be a proper quotient of E^''^ in general. lUusie has considered in [11] 
a different infinitesimal deformation functor associated to algebra homomorphisms A' A — A' / J 
as above. When lifts exist for this functor, the set of isomorphism classes of lifts becomes naturally 
a principal homogeneous space for E2 ^ regardless of whether there is an algebra section s : A' — s- 
A. lUusie's functor of ring homomorphisms A' ^ A can be considered to be a blow-up for such 
homomorphisms of the deformation functor Fy of individual rings A and A' which we consider. 

The question remains how to calculate the versal deformation ring R[G^V*). In principle this 
could require an infinite number of first order obstruction calculations. For this reason we will study 
a different approach, which can be seen as a counterpart for complexes of the method of de Sniit 
and Lenstra in [4J. They first considered lifts of matrix representations of groups; these are called 
framed deformations by Kisin in [13' §2.3.4]. One then considers the natural morphism of functors 
from framed deformations to deformations. When this idea is applied to complexes V' , a new issue 
arises: 

Question 1.1. Is U{G,V*) represented by a complex of modules for the completed group ring 
R{G,V')[[G]\ that is strictly perfect as a complex of R{G,V')-modules? 

Here a strictly perfect complex of i?(G', F')-modules is a bounded complex of finitely generated 
projective i?(G, y*)-modules. The answer to Question ll.il is yes (and obvious) when V has only 
one non-zero cohomology group, corresponding to the classical case. But we do not know the answer 
in general, even when V* has only two non-zero terms. 

We view Question [TTT] as a finiteness problem because when G is topologically finitely generated, 
a complex of i?(G, F*)[[G]]-modules representing U{G,V*) that is strictly perfect as a complex 
of i?(G, V^')-modules can be described by a finite number of finite matrices with coefficients in 
R{G^V*). An a priori result showing the existence of such a description, especially with explicit 
bounds on the sizes of the matrices, can be very useful in determining the ring i?(G, V*). 

It is not very difficult to show that under our hypotheses on G, there is a theory of framed 
deformations for V* ^ in the following sense. One can represent V* by a fixed choice of a bounded 
complex of pseudocompact fc[[G]]-modules each of which is finite dimensional over k. Fix a choice 
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of ordered /c-basis for each term of V* . By a framed deformation over A one means a complex of 
pseudocompact yl[[G']]-modules M' along with ordered bases for the terms of M* as free finitely 
generated ^-modules such that there is an isomorphism of complexes fc(8)^M* V which carries 
the chosen bases for the terms of M' to the chosen bases for the terms of V . Isomorphisms of 
framed deformations must be isomorphisms of complexes which respect bases. One can show, using 
Schlessinger's criteria, that under the hypotheses on G we make in fj2l there is a versal deformation 
ring for the resulting functor. There is a natural transformation from this framed deformation 
functor to the functor Fy . The issue in Question 11.11 is whether this natural transformation will 
be surjective if we choose the ranks of the terms of V* to be sufficiently large. This amounts to 
asking whether a single framed deformation functor has the derived category deformation functor 
Fy as a quotient. 

It is not hard to show that U{G,V') is represented by a bounded above complex of projec- 
tive modules for i?(G, )[[G]]. The difficulty is that the standard results concerning truncations 
of such complexes do not readily produce quasi-isomorphic complexes of i?(G, F*)[[G]]-modules 
that are strictly perfect as complexes of modules for R{G, V*), which is a much smaller ring than 
i?(G,F')[[G]]. 

A fundamental problem in the subject appears to us to be whether Question 11.11 always has an 
affirmative answer if V* arises from arithmetic, in a suitable sense. We will prove the following 
result concerning this question: 

Theorem 1.2. Suppose G is either 

(i) topologically finitely generated and abelian, or 

(ii) the tame fundamental group of the spectrum of a regular local ring S whose residue field is 
finite of characteristic different from p with respect to a divisor with strict normal crossings. 

Then U{G,V*) is represented by a complex of R{G,V')[[G]]-modules that is strictly perfect as a 
complex of R{G,V*) -modules. 

We will apply this Theorem to compute U{G,V*) and R{G,V') for some natural examples in 
which S in Theorem 11.21 is the £-adic integers for some prime £ ^ p. These examples pertain 
to the deformation of elements of order 2 in the Braucr group of Qg. Examples of this kind were 
ffi'st considered in ^2], where we determined the associated universal flat deformation rings. We will 
produce some examples in which the versal deformation ring is strictly larger than the versal flat 
deformation ring. Finding explicit arithmetic constructions of the associated versal deformations 
leads to interesting number theoretical questions, and is a good test of any general theory for 
determining deformations of complexes of modules for a profinite group. 

We now give an outline of this paper. 

In Sj2]we recall the definitions needed to state the main result of 2J concerning the existence of 
versal and universal deformations of objects V* in D"(A:[[G]]). In ^J3]we state and prove our results 
about obstructions. The first step, in is to define the spectral sequence (jl.ip with the aid of 
[7j §(11.7) of Chap. 0] along with the bicomplex which gives rise to this. We state our obstruction 
results (Theorems 13.81 and I3.10p in ^'S.2\ In H3.'6\ we use Gabber's construction to interpret l|1.2p . 
which arises canonically from the spectral sequence of a bicomplex, in terms of the extension classes 
that are associated to short exact sequences of complexes of the form in (|1.3p . The proofs of the 
results stated in ij3.2l are carried out in ^'d.4:\ - !j3.6l 

One byproduct of this analysis is that the lowest term Fjj in the second filtration of the total 
cohomology of the appropriate bicomplex can be interpreted as the set of those extension classes of 
short exact sequences (|1.3p for which the middle term Y* is already a complex of ^[[G]]-modules. It 
would be interesting to understand how to generalize these results concerning Fjj and Fjj to all Fjj. 
Two consequences of Gabber's obstruction theory have to do with automorphisms of deformations 
(see Lemma r3.12p and a proof in fJJlthat to determine versal deformations, one can take the quotient 
of G by any closed normal pro-prime-to-p group which acts trivially on V* . 

In fj5]we give a proof of Theorem 1 1.21 The argument outlined in ij5. II proceeds by improving the 
representative for the versal deformation in question by three steps. In the first step one works from 
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right to left to produce a complex whose individual terms have large annihilators. In the second 
step, one works from left to right and uses an Artin-Rees argument to produce a complex whose 
terms are finitely generated over the versal deformation ring. Finally in the last step one works 
from right to left to refine these terms so they become finitely generated and projective over the 
versal deformation ring. In ^ we conclude with some examples pertaining to the element of order 
2 in the Brauer group of Qg. 

Acknowledgments: The authors would like to thank Ofer Gabber for explaining his approach 
to obstruction theory and for many helpful comments. The authors would also like to thank Luc 
Illusie for many valuable discussions without which this paper would not have been possible. It 
was lUusie's idea to ask Gabber about obstructions, and he also suggested the idea of formulating 
Gabber's obstruction theory in terms of spectral sequences. 



2. QUASI-LIFTS AND DEFORMATION FUNCTORS 

Let G be a profinite group, let fc be a field of characteristic p > 0, and let W he a complete 
local commutative Noetherian ring with residue field fc. Define C to be the category of complete 
local commutative Noetherian ly-algebras with residue field fc. The morphisms in C are continuous 
W-algebra homomorphisms that induce the identity on k. Let C be the subcategory of Artinian 
objects in C. If i? G Ob(C), let i?[[G]] be the completed group algebra of the usual abstract group 
algebra R[G] of G over R, i.e. i?[[G]] is the projective limit of the ordinary group algebras R[G/U] 
as U ranges over the open normal subgroups of G. 

Definition 2.1. A topological ring A is called a pseudocompact ring if A is complete and Hausdorff 
and admits a basis of open neighborhoods of consisting of two-sided ideals J for which A/ J is an 
Artinian ring. 

Suppose A is a pseudocompact ring. A complete Hausdorff topological A-module M is said to be a 
pseudocompact A-module if M has a basis of open neighborhoods of consisting of submodules N for 
which M/N has finite length as A-module. We denote by PCMod(A) the category of pseudocompact 
A-modules. (If not stated otherwise, our modules are left modules.) 

A pseudocompact A-module M is said to be topologically free on a set A" = {xi\i^i if M is 
isomorphic to the product of a family (Ai);^/ where A^ = A for all i. 

Suppose i? is a commutative pseudocompact ring. A complete Hausdorff topological ring A is 
called a pseudocompact R-algebra if A is an i?-algebra in the usual sense, and if A admits a basis 
of open neighborhoods of consisting of two-sided ideals J for which A/ J has finite length as 
i?-module. 

Suppose A is a pseudocompact i?-algebra, and let (g)A denote the completed tensor product in 
the category PCMod(A) (see [31 §2]). If M is a right (resp. left) pseudocompact A-module, then 
M(XiA— (resp. —®f^M) is a right exact functor. Moreover, M is said to be topologically flat, if the 
functor M^\— (resp. — (g)AM) is exact. 

Remark 2.2. Pseudocompact rings, algebras and modules have been studied, for example, in 
The following statements can be found in these references. Suppose A is a pseudocompact ring. 

(i) The ring A is the projective limit of Artinian quotient rings having the discrete topology. 
A A-module is pseudocompact if and only if it is the projective limit of A-modules of finite 
length having the discrete topology. The category PCMod(A) is an abelian category with 
exact projective limits. 

(ii) Every topologically free pseudocompact A-module is a projective object in PCMod(A), and 
every pseudocompact A-module is the quotient of a topologically free A-module. Hence 
PCMod(A) has enough projective objects. 

(iii) Every pseudocompact i?-algebra is a pseudocompact ring, and a module over a pseudocom- 
pact i?-algebra has finite length if and only if it has finite length as i?-module. 
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(iv) Suppose A is a pseudocompact i?-algebra, and M and are pseudocompact A-modules. 
Then we define the right derived functors Ext^(M, A^) by using a projective resoiution of 
M. 

(v) Suppose R e Ob(C). Tlien i? is a pseudocompact ring, and -R[[G]] is a pseudocompact 
i?- algebra. 

Remark 2.3. Let A be a pseudocompact ring. 

(i) Suppose f : M ^ N is a homomorphism of pseudocompact A-modules. Since PCMod(A) 
has exact projective limits, it follows that the image of / is closed in A^ and is therefore a 
pseudocompact A-submodule of A^. 

In particular, if / is a two-sided ideal of A and A^ is a pseudocompact left A-module such 
that both / and A^ are finitely generated as abstract left A-modules, then I N is a. closed 
pseudocompact A-submodule of A^, since it is the image of a homomorphism f : M ^ N 
of pseudocompact A-modules in which M is a topologically free pseudocompact A-module 
on a finite set of cardinality equal to the product of the cardinalities of generating sets for 
/ and N. 

(ii) By 3, Lemma 1.1], if / : M A^ is an epimorphism in PCMod(A), i.e. a surjective 
homomorphism of pseudocompact A-modules, then there is a continuous section s : N M 
such that / o s is the identity morphism on A^. In particular, a homomorphism f : AI ^ N 
of pseudocompact A-modules is an isomorphism in PCMod(A) if and only if it is bijective. 

(iii) Suppose M is a pseudocompact A-module that is free and finitely generated as an abstract A- 
module. Since a topologically free pseudocompact A-module on a finite set X is isomorphic 
to an abstractly free A-module on X, one sees that M is a topologically free pseudocompact 
A-module on a finite set. 

Remark 2.4. Let R be an object in C and let to/j be its maximal ideal. Suppose [(i?/m^)Xi] is an 
abstractly free (i?/m^)-module on the finite topological space Xi for all i, and that {X^ji forms an 
inverse system. Define X = limAT^ and i?[[Ar]] — lim [(i?/m^)Xi]. Then i?[[Ar]] is a topologically 

i i 

free pseudocompact i?-module on X. In particular, every topologically free pseudocompact i?[[G]]- 
module is a topologically free pseudocompact i?-module. 

Remark 2.5. Suppose R is an object in C and A = i? or i?[[G']]. Let M be a pseudocompact right 
(resp. left) A-module. 

(i) If M is finitely generated as a pseudocompact A-module, it follows from 3, Lemma 2.1(ii)] 
that the functors M®f^ — and M®a— (resp. —®f^M and —®/^M) are naturally isomorphic. 

(ii) By [3j Lemma 2.1 (iii)] and ^3, Prop. 3.1], M is topologically flat if and only if M is 
projective. 

(iii) If A = i? and M is a pseudocompact i?-module, it follows from [6, Proof of Prop. 0.3.7] 
and ^6, Cor. 0.3.8] that M is topologically fiat if and only if M is topologically free if and 
only if M is abstractly flat. In particular, if R is Artinian, a pseudocompact i?-module is 
topologically flat if and only if it is abstractly free. 

If A is a pseudocompact ring, let C~ (A) be the abelian category of complexes of pseudocompact 
A-modules that are bounded above, let K~{K) be the homotopy category of C~(A), and let D~{K) 
be the derived category of AT" (A). Let [1] denote the translation functor on C^(A) (resp. AT" (A), 
resp. D^{K)), i.e. [1] shifts complexes one place to the left and changes the sign of the differential. 
Note that by Remark I2.3r ii) , a homomorphism in C~ (A) is a quasi-isomorphism if and only if the 
induced homomorphisms on all the cohomology groups are bijective. 

Remark 2.6. Let X' ,Y' £ Oh{K^ {R[[G]])) and consider the double complex K*' of pseudocom- 
pact i?[[G]]-modules with K^ '^ — (XP^fjY'^) and diagonal G-action. We define the total tensor 
product X*(E)jiY* to be the simple complex associated to K* *, i.e. 

{X'®RY'r= XP^rY'^ 

p+q=n 
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whose differential is d{x®y) = dx{x)®y + (— 1)^ (iy(y) for x®y € K^''^. Since homotopies 
carry over the completed tensor product, we have a functor 

®R, : K-{R[[G]]) X K-{R[[G]]) -> K-{R[[G]]). 

Using [iHl Thm. 2.2 of Chap. 2 §2], we see that there is a well-defined left derived completed tensor 
product Moreover, \i X' and Y* are as above, then X'^^jY' may be computed in D~(i?[[G']]) 
in the following way. Take a bounded above complex Y'* of topologically flat pseudocompact i?[[G']]- 
modules with a quasi-isomorphism Y' Y* in _fC~(_R[[G]]). Then this quasi-isomorphism induces 

an isomorphism between X'^nY'' and X'^^F' in Z?~(_R[[G]]). 

Definition 2.7. We will say that a complex M' in ^^^^(/^[[G]]) has finite pseudocompact R-tor 
dimension, if there exists an integer N such that for all pseudocompact i?-modules S, and for all 
integers i < N, W(S'^\m*) = 0. If we want to emphasize the integer N in this definition, we say 
M' has finite pseudocompact R-tor dimension at N. 

Remark 2.8. Suppose M* is a complex in _ft'~([[_RG]]) of topologically flat, hence topologically free, 
pseudocompact i?-modules that has finite pseudocompact i?-tor dimension at N. Then the bounded 
complex M'*, which is obtained from M' by replacing by M'^ = /5^^^{M^^^) and by 
setting Af* = if i < iV, is quasi-isomorphic to M* and has topologically free pseudocompact 
terms over R. 

Hypothesis 1. Throughout this paper, we assume that V* is a complex in £'~(fc[[G]]) that has 
only finitely many non-zero cohomology groups, all of which have finite fc-dimension. 

Definition 2.9. A quasi-lifl, of V over an object i? of C is a pair (A/*, (f) consisting of a complex 
M' in £)~(i?[[G]]) that has finite pseudocompact i?-tor dimension together with an isomorphism 

(j) : k®\M' V in £)-(fc[[G]]). Two quasi-lifts (M*,0) and (M'*,(/)') are isomorphic if there is 
an isomorphism / : M* ^ Af in (i?[[G]]) with 0' o (fc(g)^/) = 0. 

Theorem 2.10. Suppose that W(V*) = unless ni < i < n2. Every quasi-lifl: ofV* over an object 
R of C is isomorphic to a quasi-lifl {P*,(j)) for a complex P* with the following properties: 

(i) The terms of P* are topologically free R[[G]\-modules. 

(ii) The cohomology group W{P*) is finitely generated as an abstract R-module for all i, and 
W{P') — unless ni < i <n2- 

(iii) One has W{Si^f(P*) = for all pseudocompact R-modules S unless ni < i < n2. 

Proof. Part (i) follows from 2, Lemma 2.9]. Assume now that the terms of P* are topologically 

free i?[[G]]-modules, which means in particular that the functors — ®i^-P' and —'E)rP* are naturally 
isomorphic. Let mn denote the maximal ideal of R, and let n be an arbitrary positive integer. By 
[21 Lemmas 3.1 and 3.8], H*((i?/m^)(g)fl;P*) = for i > n2 and i < ni. Moreover, for ni < i < n2, 
ff((i?/m^)(8)flP*) is a subquotient of an abstractly free (i?/TO^)-module of rank di = dim^ W{V'), 
and [R/m^^nP* has finite pseudocompact (i?/m^)-tor dimension at = ni. Since P' = 
lim (i?/m^)(g)flP* and since by Remark l2.2f i). the category PCMod(i?) has exact projective limits, 

n 

it follows that for all pseudocompact i?-modules S 

W{S®rP') = lim ((5/m^^)®fl/,„„ {{R/ml)®RP')) 

n 

for alH. Hence Theorem [2. 101 follows. □ 

Definition 2.11. Let F = Fy : C — *■ Sets be the functor which sends an object i? of C to the set 

F{R) of all isomorphism classes of quasi-lifts of V* over R, and which sends a morphism a : R ^ R' 
in C to the set map F{R) -> F{R') induced by M' i-^ R'(g)\^M'. Let F = Fy be the restriction 
of F to the subcategory C of Artinian objects in C. 
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Let k[e], where = 0, denote the ring of dual numbers over k. The set F{k[e]) is called the 
tangent space to F, denoted hy tp- 

Definition 2.12. A profinite group G has finite pseudocompact cohomology, if for each discrete 
fc[[G]]-module M of finite fc-dimension, and all integers j, the cohomology group W{G,M) = 
Ext'^jjg.jj (fc, M) has finite fc-dimension. 

Theorem 2.13. ([2, Thm. 2.14]) Suppose that G has finite pseudocompact cohomology. 

(i) The functor F has a pro-representable hull R{G,V*) G Ob(C) (c./. [16, Def. 2.7] and |151 
§1.2]), and the Junctor F is continuous (c.f. |15j). 

(ii) There is a k-vector space isomorphism h :tp ^ Ext^-(^[[(5]]-)(V^*, V'). 

(iii) //Hom£)-(j,[[(3]]-)(l^*, T^*) = k, then F is represented by R{G,V'). 

Remark 2.14. By Theorem [l^SlJi) , there exists a quasi-lift {U{G,V'), <j>u) of V over R{G,V') 
with the following property. For each R E Ob(C), the map Hom(^~(_R(G, V), R) F{R) induced by 
a I— > R'S)^(^G V') a^i^i is surjective, and this map is bijective if R is the ring of dual numbers 
k[e] over k where = 0. 

In general, the isomorphism type of the pro-representable hull R{G,V') is unique up to non- 
canonical isomorphism. If R{G,V*) represents F, then R{G,V') is uniquely determined up to 
canonical isomorphism. 

Definition 2.15. Using the notation of Theorem 12 . 1 31 and Remark |2.14[ we call R{G, V) the versal 
deformation ring of V* and {U{G, V*), (pjj) a versal deformation of V* . 

If -R(G, V*) represents F, then _R(G, V*) will be called the universal deformation ring of V* and 
{U{G, V), (pu) will be called a universal deformation of V* . 

Remark 2.16. If V consists of a single module Vq in dimension 0, the versal deformation ring 
R{G,V') coincides with the versal deformation ring studied by Mazur in [14j[T5]. In this case, 
Mazur assumed only that G satisfies a certain finiteness condition ($p), which is equivalent to 
the requirement that H^(G, Af) have finite fc-dimension for all discrete fc[[G]]-modules M of finite 
fc-dimension. Since the higher G-cohomology enters into determining lifts of complexes V* hav- 
ing more than one non-zero cohomology group, the condition that G have finite pseudocompact 
cohomology is the natural generalization of Mazur's finiteness condition in this context. 

3. Obstructions 

Let V be as in Hypothesis [U let A be in C, and let (Z*,C) be a quasi-lift of V over A. Let 
A' — > A in C be a surjective morphism in C whose kernel is an ideal J with = 0. In this section, 
we find the obstruction to lifting {Z' , Q to A' . 

More precisely, using ideas of O. Gabber, we will construct a lifting obstruction 

u;{Z\A') e Ext^_(^[[G]])(^%./®A^') 

which vanishes if and only if {Z*, C) can be lifted to A' . Moreover, we will show that this obstruction 
is functorial by showing that it arises from an exact sequence of low degree terms of a spectral 
sequence. We prove that these low degree terms arise from extension classes of short exact sequences 
of bounded above complexes of pseudocompact j4'[[G]]-modules which satisfy various additional 
conditions. 

Using the results from ^ we can make the following assumption concerning V' and Z* . 

Hypothesis 2. Assume V* is as in Hypothesis [T] with W{V*) ~ unless —po < i < —1. Suppose 
-> J A' A is an extension of objects A', A in C with = 0. Let B' = A'[[G]] and 
B = A[[G]]. 

Let {Z',() be a quasi-lift of V* over A. By Theorem 12.101 and Remark 12. 8i we can make the 
following assumptions: The complex Z' is a bounded complex of pseudocompact _B-modules whose 
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terms are zero unless — po < * < ^1- The terms Z'^ are topologically flat, hence projective, 
pseudocompact B-modules for i ^ —po, and Z~p° is topologicaUy flat, hence topologicaUy free, 
over A. 

Remark 3.1. The functors A^a'~ and B®b'— are naturaUy isomorphic functors PCMod(i3') —> 
PCMod(i?). Similarly to Remark 12.61 one obtains a well-defined left derived completed tensor 
product B®g, — . The functors and B®-g,— are naturally isomorphic functors D^{B') — > 

D-{B). 

3.1. A spectral sequence. In this subsection we describe the spectral sequence we will use for 
the obstructions. The definition of this spectral sequence follows (the dual of) Grothendieck's 
construction in [71 §(11.7) of Chap. 0]. The following remark describes certain subcategories of 
C~{B') and C~{B) which play an important role in this construction. 

Remark 3.2. Suppose A = _B' or B. Let Cq"(A) be the full subcategory of C~(A) whose objects 
are bounded above complexes M* with M* = for i > 0. Then Cq (A) is an abelian category 
with enough projective objects. More precisely, we have the following result which provides a slight 
correction of [3 Lemma 11.5.2.1], but which is proved in a similar fashion. 

Let P be the set of all complexes P* = (P~")n>o in Cq{A) having the following properties: 
Every P~" is projective, B-"(P*) is a dhect summand of P"" for n > 0, and B-"(P*) ^ Z-"(P*) 
for n > 1. Then 

(i) V is the set of projective objects in Cq (A), and 

(ii) every M* in Cq (A) is a homomorphic image of a complex in P* e V. 

Note that P* G P is not acychc in general, but that H""(P') = for n> 1 and H"(P*) is a 
projective pseudocompact A-module. 

We will use a projective resolution P* * of Z* in the category Cq(B') of the following kind. 

Definition 3.3. Choose a resolution of Z' by projective objects in Cq {B') 

(3.1) , p-2,. ^ p-i,. ^ po,. ^ ^. _^ 

such that P~^'~y = unless a; > and < y < Po- 

Note that P*'* has commuting differentials d'p and d'p. We use the same convention as in 
[3 §(11.3) of Chap. 0] with respect to the differential of the total complex Tot(P''*). Namely, 
Tot(P*'*)-" = ®-x-y=-nP^''''^^ and the differential is given hy da ^ d'p a + (-l)^(i'/,a for 
a G p-^^-y. 

Define the map ttp : Tot(P''*) Z' by letting TTp" : Tot(P*'')-" Z"" be the composition 
of the natural projection Tot(P*'*)"" P*^ with e"" : P" Z"". Then ttp defines a 

quasi-isomorphism in Cq{B') that is surjective on terms. 

Using the projective resolution P* ' of Z* in Co{B'), we can describe the spectral sequence as 
follows. 

Definition 3.4. Assume the notation of Definition 13.31 Taking the contravariant functor 

}lomB{-,J®AZ') : PCMod(P) ^ C"(P), 
one shows similarly to 7, §(11.7) of Chap. 0] that there is a convergent spectral sequence 

(3.2) HP(RHom^(H7«(A(g)A'P'''), J®^^')) =^ HP+«(RHoni^(A(8)A'P''*, J®a^')). 

Here HJ"^ {A^a'P*'*) is the complex resulting from taking the — q*'^ cohomology in the first direc- 
tion of A<§A'P'''- Using that RRomsiAi^A'P''' , J®aZ') = RHomB'(P*'*, J®aZ'), the spectral 
sequence (13. 2p becomes 

(3.3) Sf^' =Ext^_(5.(H7«(A®^-P''*), J®a^*) =^ ExtP+« JZ', J®^Z'). 
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The proof of the convergence of the spectral sequence (|3.2p rehes on the existence of a projective 
Cartan-Eilenberg resolution M*'*'* oi A^a'P'"' ■ Moreover, the triple complex M'-'-' allows us to 
realize the spectral sequence (13.31) as a spectral sequence of a double complex L' ' relative to the 
second filtration of Tot(i*'*). Wc now give the definition of AI'^''' and L''' . 

Definition 3.5. Let P* ' be as in Definition O As described in [H §(11.7) of Chap. 0], A®a'P*'* 

admits a projective Cartan-Eilenberg resolution M*'*'* — (M~^'~^'~^) where x, z > and < y < 
Pq. This means that the terms M~^'~^'~^ are projective pseudocompact i?-modules, and for all x, 
j^-x,,,, (•j.ggp_ ^-'^{^M'''''), resp. Z7"=(A/'^'^'), resp. B.''' {M* '''*)) forms a projective resolution of 
A^A'iP'""' ) (resp. B7"^(A(g)^'P''*), resp. Z7^(A®a'P''*), resp. KJ"" {A^a'P*'')) in the abelian 
category Cq{B). In particular, M~^'~^'' A®a'P~'^'~^ ^ is a projective resolution in the 
category PCMod(i?) for all x. y. The Cartan-Eilenberg property implies that we have for all x, z 
split exact sequences of complexes in Cq{B) 

(3.4) ^ B7^(M*'''-^) -> Z7^(Af'*'-^) ^ RJ'^iM''''-') 0, 

(3.5) ^ Z7^(Af'''^^) ^ M-^'*'-^ B7^+i(M''''^^) ^ 0. 

Since M*'*'* has commuting differentials dM,x, dm^y and dM,z, we use again the convention in 
[II §(11.3) of Chap. 0] with respect to the differential of the total complex Tot(Af''*'*). Define 
the map ttm : Tot(Af*'''*) Tot{A^A'P''') by letting tt^/" be the composition of the nat- 
ural projection Tot(M''*'')^" ®-x-y=-n -^^^^'^^''^ with the direct sum of the surjections 
]\/[-x,-y,o _^ A^A'P~^'^^ ■ Then ttm defines a quasi-isomorphism in Cq {B') that is surjective 
on terms. 

Define a double complex L''* of B-modules by 

(3.6) L-^'P^ Homs(A^-«'-^'-^ J®^Z-'). 

-i+y+z='p 

Since 1 < i < po, < y < po and z > 0, it follows that for each integer p, there are only finitely 
many triples (y, z, i) with —i + y + z=p. So we could also have used Y[ instead of ^ in defining 
L^'P. Note that L'^^ = unless q> and p > —po- In particular, for each integer n there are only 
finitely many pairs {q,p) with q + p — n and L'^'P ^ 0. The differentials 

dfP : ^ and djf : L'^^p L'^^p+^ 

are described as follows: 

(3.7) dfP{g) = 9odll-''^y'-\ 

(3.8) dfp{g) = 9odii;y~'^- + {-i)ygodi?:-y^-^-' + {-i)p+U-i^^og 

for g E HomB(A/^''^^'^^, J(8)^Z^'). Since dj and djj commute, the total complex of L* * whose 
n^^ term is Tot(L''')" = ®q+(^^+y+^)=n Homs(A/-«'-^''-^ J%)aZ^') has differential d with dg = 
dfig) + {-!)'' dfP{g) for g e UouiBiM-i'-y-^ , MaZ''). Note that Tot(L*>*) is the total Hom 
complex corresponding to the quadruple complex (lIomB(Af~''~^'~^, J^aZ~'')) ^ ^ ^ ^. 

The following definition pertains to realizing the spectral sequence p.3p as the spectral sequence 
of L* ' relative to the second filtration of Tot(L'''). This then leads to the sequences of low degree 
terms corresponding to ()3.3|) . 

Definition 3.6. Assume the notation of Definitions 13.31 - 13.51 Let {FJ^{Tot{L''')))^^j^ be the 
filtration of the total complex Tot(L''') defined by 

(3.9) F;^(Tot(L*'*))" = L«'P. 

q^p—n,p'>r 

Define Ff^ H"(Tot(L''')) to be the image in H"(Tot(L''')) of the n-cocycles in F7^(Tot(L*^*)), i.e. 
of the elements in Ff^(Tot(L'''))" that are in the kernel of the n'^ differential of Tot(L'''). 
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The spectral sequence (I3.3|) coincides with the spectral sequence of the double complex L*'* rel- 
ative to the filtration {Ffj{Tot{L*'')))^^^ of Tot(L'^*) in (EH). In particular, = H^^(Hf (L*'*)) 

and HP+9(Tot(L''*)) = ExtP^_^^g,^{Z\ J^aZ'). 

We have a short exact sequence of low degree terms 

(3.10) O^El^°^ F^j R\Tot{L''-)) ^ 0. 

Here E}^ is the quotient of E^''^ by the subgroup VFJ^'" which is defined as the sum of the preimages 
in eI''^ of the successive images of c?2^^'^, d^'^'^, . . .. Similarly £'J^^ is the quotient of Ker{d2'^) by the 
subgroup W^2 '^ which is defined as the sum of the preimages in Ker((i2'^) of the successive images 
of ^2 ' ' , . . .. Since ^2' ■ ^2' ~^ -^2' sends W2 ' identically to zero, the short exact sequence 
(I3.10p results in an exact sequence of low degree terms 

(3.11) 0->E}^"^ F?jll\Tot{L''')) ^ E^''/W°^' ^ eI^'\ 

3.2. Obstruction results. In this subsection we list the main results concerning the obstruction 
to lifting {Z' X) to A'. A key ingredient is a careful analysis of the exact sequence of low degree 
terms in (p7T0| . The following definition is used to relate the term Hi(Tot(L*'*)) in (|3TT0)) to 
extension classes arising from short exact sequences of bounded above complexes of pseudocompact 
B'-modules. 

Definition 3.7. In ¥iyit\)- f^g,-^{Z* , J®aZ*) let be the subset of classes represented by short 
exact sequences in C^{B') 

(3.12) 0-> ^ r* ^ Z* ^ 

such that the terms of X' are annihilated by J, and there is an isomorphism ft,^ : X' JiS)aZ' in 
D~{B). Note that defines an isomorphism in D^{B'). The triangle associated to the sequence 
^ in (|3.12p has the form 

(3.13) X* ^Y' ^ Z' ^ X'[l\ 

where 77^ — /i^[l] o e Hom£)-(5/)(Z*, J(8)^Z'[1]) = Ext^-(5,-)(Z*, J^^Z*) is the class repre- 
sented by (^, /i^). Applying the functor A®a'— to (|3.12p gives the long exact Tor sequence in 
C-{B) 

(3.14) > Torf (y, A) ^ Torf (Z*, A) ^ X' A®a'Y' -> Z' ^ Q 

where Torf (Z',A) = YLJ^iA^A'P'-') since P' ' in Definition 13.31 is a projective resolution of Z' . 

Tiieorem 3.8. Assume Hypothesis [H and the notation introduced in Definitions \ - \3. 7| The 
short exact sequence \3.10^ has the following properties. 

(i) The group Ff^ Hi(Tot(L''')) equals the subset F°j from Definition\^ 

(ii) The image of E^^ under ipjj in -Fjj H^(Tot(L*'*)) = Fjj is equal to the subset of Fjj 
consisting of classes represented by short exact sequences as in ^3.12^ where Y* is in C~{B). 

(iii) The map ip'jj : _Fjj H^(Tot(L*'*)) — s- E^^ is defined in the following way. Represent a 
class in F)'^ Hi(Tot(L*'*)) = F^j by {^,h^) as in Definition \3l\ Let f^ : Torf {Z' , A) = 
Rj\A(§)A'P'-') ^ X* be as in ^3.14^ . Then {£,,h^) is sent to the class of o in E^ . 

The obstruction uj{Z*,A') to lifting {Z*,Q to A' is defined in terms of the following natural 
homomorphism in C^{B). 

Definition 3.9. Let l : Rj'^ {A(g)A' P'"') = Torf (Z*, A) -> J(g)AZ' be the natural homomorphism 
in C^{B) resulting from tensoring the short exact sequence 0— >J^A'— >A^0 with Z* over 
A'. Because the terms of Z* are topologically flat ^-modules by Hypothesis [2] , we get an exact 
sequence in C^{B) 

(3.15) ^ Wj^{A®A'P*-') ^ J®A'Z* A'®A'Z' ^ A®A'Z' 0. 
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Hence l is an isomorphism in C (B). 

Theorem 3.10. Assuming the hypotheses of Theorem \3.8[ let l : }1J^{Ai^a'P''') J®aZ* he the 

isomorphism in (B) from Definition \3.9[ If [l] is the class of l in £2'^ /W2'^ , let u) = lu{Z',A') 
be the class lo ~ <^2^{\!\) ~ <^2'^('-) S E^'^ — Ext^_(^-)(Z*, J(^aZ'). 

(i) The class lu is zero if and only if there is a quasi-lift {Y*,v) of {Z*,Q over A'. 

(ii) Ifuj ~ 0, then the set of all isomorphism classes of quasi-lifts of {Z', C) over A' is a principal 
homogeneous space for E}^ . 

Remark 3.11. Suppose there is a section s : A ^ A' in C oi the morphism tt : A' ^ A in C in the 
short exact sequence 0-^J^A'^A-^Oin Hypothesis [21 Then the inflation map 

Inff : Ext\,-^s){Z',MAZ') ^ Ext},- ^s'){Z' , MaZ') 

is injective, which impUes that E^ = E\'^ = Ext^- (Z*, J®^Z*). In particular, if A' = k[e] 
with = and A = k, then Z* = V* = J®aZ' and the set of all isomorphism classes of quasi-lifts 
of V over fc[e] is a principal homogeneous space for Ext^-(j.j[Q]]-)(T^', V). This reproves that the 
tangent space of the deformation functor F in Dcfinition l2.11l is isomorphic to Ext^-(j,[[Q]]-)(F*, V*\ 
Note, however, that if no section s : A ^ A exists and Z* has at least two non-zero terms, one 
does not know in general that E]^ = -£'2'°- 

With respect to automorphisms of quasi-lifts, we get the following result. 

Lemma 3.12. Assume the notation of Theorem \3.1(A and suppose that uj{Z*,A') = 0. Let (Y*,v) 
be a quasi-lift of {Z',Q over A'. Define Ant'jj- (g,^{Y*) to be the group of automorphisms 6 ofY' 

in D^{B') for which vo (A^\,6) — v in D^{B), i.e. A^\,9 is equal to the identity on A^\,Y* in 
D-{B). Then 

Aut°,_(B,)(F*) ^ Homc-(s)(Z*, J®A^*)/Iniage(Ext-i_(^^(Z*,Z')). 

Here Image(Ext^^^^j(Z*, Z')) is the image of Ext^\f^^^{Z' , Z') in Honijj- (^^•^{Z' , Ji^aZ*) un- 
der the map which is induced by the homomorphism AiS^\tY*[—l] J(E)aiY* in the triangle 
A(^\,Y'[-1] J(^\,Y' A'(^\,Y' ^ A(§)\,Y* m D-{B'). 

The proofs of Theorems 13.81 [XTUl and Lemma [3. 121 are carried out in several sections. 

3.3. Gabber's construction. In this subsection we prove a result due to Gabber which is the key 
to relating the term F^^^ H^(Tot(L*'*)) from the sequence p. lip to the set Fjj from Definition 13.71 

Definition 3.13. Assume Hypothesis [2] and the notation introduced in Definitions 13.31 - 13.71 We 

have a short exact sequence in C^{B') 

(3.16) O^T' ^ P° ' ^ Z' 

where T' = Ker(e) and 8 is inclusion. Recall that P"^* is a projective object in Cq{B'). Since 
Z" = 0, we can, and will, assume that P°^* is an acyclic complex of projective pseudocompact 
P'-modules. Tensoring (|3.16p with A over A' gives an exact sequence of complexes in (B) 

(3.17) ^ Torf (Z*, A) ^ A^a'T' A^a'P°^' Z' ^ 

where Torf (Z*, A) = }iJ^{A(g>A'P'''). Write (PT7|) as the Yoneda composition of two short exact 
sequences in C^{B) 

(3.18) 0^ D' ^ A^A'P''-' Z' ^0, 

(3.19) ^ }ij\A®A'P''') ^ A®A'T' ^ £)• ^ 0. 
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Then the triangles in D (B) associated to (|3.18p and to (|3.19p have the form 

Sd 



(3.20) 
(3.21) 



D' 

A'P''') 



■)A' 

A®A'T' 



We first express the differential d"'^ : iJj'^ 
triangles and ([^^ in D-{B). 

Remark 3.14. By p.3p and Definition 

(3.22) 



E^'^ in terms of the morphisms ai and a2 in the 



El'^ = Ext^_(^)(H7''(A®^,P'''), J®aZ') - H^,(i/|(L''*)). 

Thus the elements in £^2'' are represented by elements /3 G i'^^ satisfying df^{(3) — and dff{(3) e 
Image(d^~^'''^^). It follows from (|3.6p that 



(3.23) 



= 0Homi}(Tot(A/-«''^')-^ J^A^" 



which is equal to the term in the total Hom complex Hom^(Tot(Af "*''''), J'S^aZ'[p]). 



Lemma 3.15. Assume the notation of Definition \ 3.13\ and Remark \3.14\ and in particular the 
notation of (fXlQ|) . (fXITj) and (fXIg|) . // 

/ e E"^'^ = Homc-(B)(H7i(A^A'P*''), J^aZ'), 



then d°'^(/) = /[2] o a2[l] o ai e Homc-(B)(Z', J(^^Z'[2]) = Ext^-(B)(Z', J®a^') = 



i2,0 



Proof. It follows from Remark |3 . 1 41 that if /3y € L^''~' represents / G i?2' , then there exists 7/ € L' 



0,1 



with d]f{Pf) — (ij'^(7/). Hence d2"^(/) G is represented by d'jf{'^f) G L"'^. A calculation 
using p.7p and (|3.8p shows that d^} (7/) also represents /[2] o a2[l] o ai G £^2' ■ carrying out 
this calculation, it is useful to represent ai explicitly in (I3.20|) using a quasi-isomorphism between 
the mapping cone of Sd and Z', and similarly for a2 in (|3.2ip . □ 

The next definition gives a connection between morphisms n in }iomD-(^g^{Ai^A'T* , J<^aZ*) 
and elements in F^j. This is the key to relating Ffj to F^jR^(Tot{L*'*)). 

Definition 3.16. Assume the notation of Definition 13.131 so that in particular, P'^ * is an acyclic 
complex of projective pseudocompact B'-modules. Suppose k : AiS)a'T* J®aZ* is a homomor- 
phism in D^{B). Then n can be represented as 

(3.24) K = s~^ok 

for suitable homomorphisms s : J^aZ* X* and k : A^a'T* X* in C~{B) such that s is a 
quasi-isomorphism. We obtain a pushout diagram in C~{B') 

(3.25) 



jO,l/ 



:n2.0 



jO,l/ 




where ar ■ T* A(E}a'T* is the natural homomorphism in C {B'). Let ^ be the bottom row of 
p.25[) and let /i^ = s^^ in D^{B). Then {£,,h^) represents a class 77^ G Ffj as in Definition 13.71 
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Considering the triangles associated to the top and bottom rows of (j3.25p . we obtain a commutative 
diagram in D~{B') 

(3.26) 




where A = ko ax- Hence 77^ — h^[l] ow^ = s^-"^ [1] o o aT[l] orjT — k[1]o axil] o jyT- Thus the class 
1]^ e Fjj is independent of the choice of the triple {X*, s, k) used to represent k, and we denote this 
class by 77^. In particular, 

(3.27) r?„ =K[l]oaT[l]o77r. 

Since P"'* is acyclic, it follows that rjT ■ Z* ^ is an isomorphism in D^{B'). Therefore 

it follows from (|3.27p that if k, G Hom£i-(5)(A(g)A'r*, J(g)^Z*), then 77^ — rj^,' if and only if 

K o ax = k' o ax in [B'). 



Lemma 3.17. [O. Gabber] Assume the notation of Definition [KTSi so that in particular, P^'* is 
an acyclic complex of projective pseudocompact B' -modules. 



(i) Let (C, /15) represent a class rj^^ in Fjj as in Definition\3^ 



A'P''*) ^ X' be 



TO - 



G Homj3-(5')(A(8)/l'T*, J®aZ*) such that o — o a and rj^ — 77^^ 
in i3.19^ and rj^^ is the class in Fjj defined by as in Definition \3.16[ 



and let : Torf {Z\A) 
lovei 

where a is as 



Then S^^iji^ o /j) = 0. Moreover, there exists 



(ii) Conversely, suppose f G E)^'^ = Hom£)-(5-)(Hj ^(A(g)^/P*'*), J^yiZ*) satisfies ((^"^{f) ~ 
0. Then there exists k G Hom£)-(3)(yl(g)yi'T*, J^^^Z*) such that k o a — f. More- 
over, if k' G HoiJii:)- (^b-'i{A<S>a'T* , J^aZ') also satisfies k' o a = f, then there exists 
a G Y{0Yajj-(B){D' ,J®aZ') = Ext^-(5)(Z*, Jig)^^*) = £^2'" k ~ k' ^ a o t. Let 
rj^ G F'jj be the class defined by k as in Definition \ 3.16\ and let {^,h^) be a representa- 
tive. Then the corresponding morphism f^ : 'RJ^{A^a'P*'*) ^ X* from l\3.14i satisfies 

h° h = f- 

(iii) Let Fjj be the subset of Fjj consisting of classes represented by short exact sequences as in 
H3.1S^ where Y* is in C~{B). Then Fjj is equal to the set of all classes rjf^^ in Fjj defined by 
Ka = a o T as in Definition \3.16\ as a varies over all elements in Homjj-^^) {D* , J®aZ*) ^ 

Proof. Since P^^' is acyclic, the morphism ai : — > D'[l\ from (|3.20p is an isomorphism in 
D-{B). Thus Hom£,-(B)(D*, J«)^Z*) Ext^-(B)(Z', J(g)^Z*) = £^2'°- Moreover, using Lemma 
[XT51 we have that d°^^{f ) = if and only if /[I] o ^2 = in D-(B). 

For part (i), let (^, h^) be as in Definition[3Jl where ^ : X* ^ ^ Z* 0. Since P"^* 
is a projective object in C^{B'), there exists a commutative diagram in C^(B') of the form 



(3.28) 



T* 



0- 



X' 



pO 



Y' 



Z' 



Z' 



0. 



Because J annihilates the terms of X', A factors as A = (A^a'^) ° ot- Hence ^ is the bottom row 
of a pushout diagram as in p.25p with k =^ A(K)a'A. Letting = h^^ o (A(g)^'A) gives 77^ — rj^^ by 
Definition 13.161 Tensoring (|3.28p with A over A' and using (|3.17p shows that (A(E)a'^) ° ct = /j. 
Since a2 and a[l] are consecutive maps in the triangle obtained by shifting p.2ip . this implies that 



o a2 = in D (P), and hence d'2^{h^ o /t) = 0. Moreover, o f^ — o a. 
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For part (ii), assume d2'^{f) = 0. Applying the functor Homj:,- ^b){^, J^aZ') to the triangle 
(I3.2ip . we obtain a long exact Horn sequence. By the first paragraph of the proof, / o a2[— 1] = 0, 
which shows that there exists k e HoniD- i^b){^'S^A'T* , J®aZ*) with noa = f. Let S Fjj be the 
class defined by k as in Definition 13. 1 61 and let h^) be a representative. In particular, n — h^o k 
where k is as in (|3.25p and ^ is the bottom row of (|3.25p . Tensoring (|3.25p with A over A' and using 
p.l7p shows that k o a = f^. This implies that o — k o a — f . 

For part (iii), let first a e Houiij- (^^^{D* , J®aZ') and let k = ao r. Following the construction 
of the class 77^ G Fjj in Definition 13.161 which has representative /i^), we see that we can choose 
k in (|3.24p and in (|3.25p to be of the form k = jxo t ioi a, suitable jl : D* X* in C~ (B) . Using 
the definitions of 6d and r in p.lSp and (|3.19p . it follows that ^ is the bottom row of a pushout 
diagram in C^(B) 

(3.29) ^D'^ A^A'P'-' ^ Z' 



X' ^ y ^ z* — ^ 



where the first row is given by (|3.18p . This implies that 77^ = t/^ lies in F^^. To prove the converse 
direction, one takes the representative (^, of a class in F]j and uses that A®a'P'^'' is a projective 
object in C~{B) to realize f as the bottom row of a diagram as in p.29p . Letting k = jl o t, it 
follows that ^ is also the bottom row of a pushout diagram as in p.25p . Define k — o k and 
a — o fj, (z Homp-(5)(Z?*, J^^Z"). Then k — ao t and rj^ ~ rj^. □ 

3.4. Proof of Theorem 13.81 In this subsection we prove Theorem 13.81 by proving Lemma 13.191 
given below. We use the following notation. 

Definition 3.18. Suppose A = i?' or B, and M* and M' are complexes in C~(A). We say a 
homomorphism / G Movajj- (^[^-^{M' , M') is represented by a homomorphism /' : in 
C^(A) (resp. in i)^(A)) if there exist isomorphisms Si : M* — > M'' in _D^(A) for 7 = 1,2 with 
/ = S2"^o/'osi inL>-(A). 

Lemma 3.19. Assume the notation of Definition WTTB. so that in particular, P'^'' is an acyclic 
complex of projective pseudocompact B' -modules. Let {£,,h^) represent a class ry^ in Fjj as in 

Definition\^ where ^ : ^ X* ^ Y' ^ Z* ^ 0. Let e Rouid- {B'){Z' , X*[l]) be as in 
(13.13^ . and let /c : 1{J^{Ai§)a'P''') X* be the connecting homomorphism as in l\3.14i . 

(i) The class 77^ = ^^[1] o lies in Fjjli^(Tot{L''')). More precisely, r/^ defines an element 
G L^'^ which lies in the kernel of the first differential of Tot{L'''). This identifies Fjj 
with a subset of F^jR^(Tot{L''')). 
(u) The map ip°j : F°j}i^(Tot{L'^*)) E]^^ in (TOZ^ sends 77^ = h^[l] o to the class of 
h^ o in . This gives a surjection Fjj . 

(iii) The image of E}^ m i^^j II"'^(Tot(L*'*)) under ip^j is equal to the subset Fjj of Fjj consisting 
of classes represented by short exact sequences as in l\3.12\i where Y* is in C^{B). 

(iv) Fix an element f G Ker((i2' ■ E2 ) as in Lemma \3.17[ ii). Let k vary over all 
choices of elements of Houid- (^g){A^ a'T* j J'S'aZ') for which no a = f. Then the classes 
rjii in Fjj, as defined in Definition ] 3. 161 form a coset of ip'jj{E}^) in i^^j^ II^(Tot(iy''*)). 

In particular, F^j ^ F}jll\Tot{L''')) . 

Proof Let G Rouij)- (^b){A®a'T' , J®aZ*) be as in Lemma ISTfl i). It follows from (|3.27p that 
we can write 77^ as 

(3.30) 77^ = ^^[l] o aT[l] o r/T 

where 777- G Hom£)-(^/')(Z*,T*[l]) is as in (|3.26p and ax ■ T' ^ A(E)a'T' is the natural homomor- 
phism in C-{B'). 
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To prove part (i), one uses the projective Cartan-Eilenberg resolution M*'''* of A®a'P''* f^roni 
Definition 13.51 to represent by the homotopy class in K~{B) of a homomorphism 

3.31 K< H : — ^- ^ J®aZ' 

^ ' Tot(B7i(M'.'.')) 

in C~{B). To find k^^j, one first identifies T' with B5(P''') by (|3.16|) and then shows that there 
are quasi-isomorphisms 



(3.32) ^o^{M--'n ^ A<,A,P-^- ^^,,B?(P-) = A^A.T' 

^ ' Tot(B7i(M'.'.')) Bj\A®A'P'^') A ly ) 

in C^{B), where tt^,^'' is induced by the quasi-isomorphism ttm from Definition 13.51 Using ()3.4p 
and dSSl), it follows that Tot(A/-i'''*) / Tot(B7i(A/*'''*)) is a bounded above complex of projective 
pseudocompact _B-modules. Hence the composition of with the quasi-isomorphisms in p.32p 
represents in D^{B) and is given by the homotopy class in K^{B) of a homomorphism /t^ j as 
in (13311) . 

Let TTg-i : Tot(M-i'''*) -> Tot(M-i^'^') / Tot(B7^(Ar''^')) be the natural projection in Q- {B) 
and define /3j,j e HomB(Tot(M-i'*'')-^ J(g)A2'^J) by 



(3.33) = 



O TT, 



b; 



for all j. By (I3.23p . = (/^^j) defines an element in L^'^ . ft follows from the construction that 
dj°(/3j) = = d\f{[3{). By considering the effect of making a different choice of in (|3.30p . one 
sees that the class [/3^] in Fjj H^(Tot(L*'*)) only depends on ry^ e Hence the map ry^ i-^- 
shows that F'^j C FO^Hi(Tot(L*'')). 

Part (ii) is proved by considering the restriction of the homomorphism in C~{B) from (|3.3ip 
to Tot(H7^(M*'''*)). By Lemma (SlZIi), we have o = o a, where'er : RJ^{A(§)a'P''') 
A(8)A/Bj(P*'*) = A(E)A'T* is the homomorphism from (|3.19p . Using the projective Cartan-Eilenberg 
resolution M*'*'*, one sees that a is represented in D~'{B) by the restriction of the composition of 
the quasi-isomorphisms in (|3.32p to Tot(H7"'^(Af''*'')). Since K^^jj represents the composition of 
with the quasi-isomorphisms in p.32p . it follows that the restriction of to Tot(H7^(M''''')) 
represents n^o a — h^o f^. This implies that ip^jj sends 77^ to the class of /ij o /c in . ft follows 
from Lemma [3.17^ 11) that the restriction of ip^n to gives a surjection Fjj E^^. 

To prove part (iii), one relates the elements of Fjj and of Fjj H^(Tot(L''')) to elements in L^'", 
using the differentials in (|3.7p and (|3.8p . Let first {^,h^) represent a class in Fjj. By Lemma 
I3.17r iii). there exists a morphism G Homp-(5)(Z?', J®a'Z*) such that ry^ = rjn^ for = o r. 
By analyzing the construction of = (/3^j) G L^'" in (|3.33p for = o r, one shows that there 
exists 7 — (jj) e L^'^ such that 

(3.34) [/3^] = [-d?y"(7)] 

in Fjj H^(Tot(L*'')). To construct 7 = (7^), one represents by a homomorphism of complexes 

(3.35) a^,)) : Tot(B?(Af •^•^•)) ^ MaZ' 

in C-(B) and defines 7^- € Homs(Tot(AfO'''')-^ J(^a^"^) by 

(3.36) 7j =Q^joprojo_^-, 

where projo.^ : Tot(M°'*'*)--'' ^ Tot(B°(Af''^'))-J is induced by the projections Af° "^^ 
Bj(Af*'~^'~^) for all y,z with y + z = j coming from the split exact sequences p.4p and (|3.5p . 
Using (I32D, one checks that [(3^] = [d°'°(7)] in i^o^ H^ (Tot(L''*)), which implies (PTM)) because 
[4ot(L)(7)] = 0- Hence [P^] is equal to an element in F}jIl^{Tot{L'^')) = xl:'}j{Elf). 
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Conversely, suppose /3 = {f3j) £ L"^^ = 0^- HomB(Tot(Af"^*'*)-^ J(8)a2'~-''+^) represents a class 
in Fjj H^(Tot(L*^*)) = ipjj{El^'). One uses f3 to construct a representative h^) in Fjj such that 
the corresponding element = (P^j) € i^'" defined by (|3.33p satisfies 

(3.37) m = [(3^] 

in Fjj H^(Tot(_L*^*)). To find h^), one first shows that there exists an element 7^ = (jfij) G L'^''^ 
with 

(3.38) [/3] ^ [-^7(7/3)] 

in F)'^ Hi(Tot(L*^*)). To define 7^, let : Tot(MO^*^*) -> J®a^*[1] be the map given by ^ = (3j 
for all j. Because {(3j) e L'^'^, it follows that fp is a homomorphism in C^{B) that factors through 
Tot(HO(Af'*^*)) = Tot(A/"'*^*)/Tot(B?(M''''')). Let 

(3.39) i> : Tot(H?(Ar^''*)) ^ J®a'Z'[1] 

be the induced homomorphism in C~{B). Since is acyclic, the morphism ai : Z* ^ 
from (|3.20p is an isomorphism in D~{B), and we can use the projective Cartan-Eilenberg resolution 
M*'*'* to represent the inverse of ai by a quasi-isomorphism 

(3.40) ipi : Tot(B?(M*''''))[l] ^ Tot(H?(M''*^*)) 

in C-{B). Define 7^ = (7^^-) e i^-O by 

(3-41) 7/3j = //5 ° ^1 ^ ° Pi^oJoj 

where projo^ is as in (PTM)) . Using ([H^, one checks that [f3] = [d°j°(7/3)] in F^^j^ (Tot(L''')), 
which implies Define d/3 : Tot(B?(M*^*'*)) ^ J®^^' in C- (B) by 

(3.42) d^ = -^hl]o,/,i[-l]. 

It follows that a_a represents a morphism a G Hom£i-(5)(Z?*, J®aZ*). By Lemma l3.17f iii). a o r 
defines a class in Fjj. Let (^, /ij) be a representative of this class. Since 775 = 77^5 for = ao r, one 
can take the morphism aj from the beginning of the proof of part (iii) to be = a. This implies 
that in (|3.35p one can take a^^jj = ap. Using (|3.34p and comparing 7^ in (|3.36p to 7^^^ in (|3.4ip . 
one sees p.37p . 

Part (iv) follows from part (iii) above and from parts (ii) and (iii) of Lemma [3. 171 □ 

3.5. Proof of Theorem I3.10i In this subsection wc prove Theorem 13. 101 bv proving Lemma [3. 231 
below. The proof relies on Lemmas 13. 1 71 and 13.191 and the following result. 

Lemma 3.20. [O. Gabber] Assume Hypothesis\^ and suppose we have a short exact sequence in 
C-{B') 

(3.43) X' ^Y' ^ Z' ^0 

where the terms of X* are annihilated by J. Let : KJ^ {AiS)A' P*"*) = Torf {Z* , A) X* be the 

homomorphism in C'^{B) resulting from tensoring ^ with A over A' . Then f^ is an isomorphism in 

D~{B) if and only if the homomorphism v : A^\iY* — > Z* induced by A®^/— is an isomorphism 
in D-'{B). 

Remark 3.21. The homomorphism v : A®\,Y' Z' in D~{B) in Lemma [3. 201 is given as follows. 
Let Q* be a bounded above complex of projective pseudocompact B'-modules such that there is a 
quasi-isomorphism p : Q* — > Y* in C^{B') that is surjective on terms. Then v is represented in 
D~{B) by a homomorphism vq : A®a'Q' Z' in C~{B) which is the composition 

(3.44) A(g>A'Q' A^A'Y' A®A'Z' = Z'. 
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Proof. Let Q*, p and vq be as in Remark 13.211 so that vq represents v. We obtain a commutative 
diagram in C^{B') with exact rows 



(3.45) 



0- 



J(5 



^x* 



Q' 



Z' 



•0 



where fxy ■ J'S)A'Y' X' is the composition of the natural homomorphisms J^a'Y* JY' 
X* . By tensoring the diagram p.45p with A over A', and by also tensoring vq : A^a'Q' Z* 

with O^J^A'^A^O over A', one sees that in C~ (B) 



(3.46) 



where t : Hj^(A(g)A'-P*'*) ^ JiXia.^* is the isomorphism in C~{B) from Definition 13.91 

To prove the lemma, suppose first that v, and hence ug, is an isomorphism in D~{B). Since p 

is a quasi-isomorphism in C~{B'), one sees, using p. 451) . that py ° {J®A'P) is a quasi-isomorphism 

in C^{B). By p.46p . this implies that is an isomorphism in D^{B). 

Conversely, suppose that is an isomorphism in D~{B). Rewriting (|3.45[) with the aid of (|3.46p . 

one obtains a commutative diagram with exact rows in C~{B') 



(3.47) 







■ J®a'Q' 
J^aZ* 



Y' 



A®A'Q' 



Z' 



c{pr 



■CivQ)' 



C{J®avq)' - 

where u'^ = u^o f^o t^^. Because o : J®aZ* X' is an isomorphism in {B'), the rows in 
p.47p represent triangles in D^{B'). Using the triangle corresponding to the last row in ()3.47p . one 
argues inductively that C(t'Q)* is acyclic. To make this argument, one uses that C{p)' is acyclic, 
that the terms of C(fQ)* are topologically free over A and that all complexes involved are bounded 
above. The acyclicity of C{vq)' implies that ug, and hence v, is an isomorphism in D^{B). □ 



We also need the following result which relates quasi- lifts of {Z' , C) over A' to short exact 
sequences ^ in C^{B') as in Definition 13.71 

Lemma 3.22. Assume Hypothesis\^ and the notation introduced in Definition \3.7\ Suppose {Y*,v) 
is a quasi-lift of{Z',Q over A' . Then there exists a quasi-lift (Y' ,v') of{Z',(^) over A' which is 
isomorphic to {Y*,v) with the following properties: 

(a) There is a short exact sequence ^' : ^ X'' Y'' Z* ^ in C^{B') as in Definition 
\3. 7[ i.e. the terms of X'* are annihilated by J and there is an isomorphism X'' — > J^aZ* 
in D-{B). 

(b) The isomorphism v' : A(^j^,Y'' — s- Z' is the homomorphism in {B) from Lemma \3.20i 
which is induced by relative to ^' . 

Proof. Using Theorem 12. 101 and Remark |2.8( we may assume that the terms of Y' are zero for 
i < —po and i > — 1, they are projective pseudocompact i?'-modules for — po < i < — 1, and Y^P" 
is topologically free over A'. Since the terms Z^ of Z* are projective pseudocompact S-modules 
for i > —po, it follows that the inverse of the isomorphism v : A^a'Y* — > Z' in D^{B) can be 
represented by a quasi-isomorphism x '■ Z' ^ A^a'Y' in C^{B). We obtain a puUback diagram 
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in C {B') with exact rows 

(3.48) ^J(E}A'Y'' 



■ J(E)A'Y' 



■Y" 



Y* 



A(Sa'Y- 



It follows that xy is a quasi-isomorphism in C^{B'). Letting X'' — J^a'Y* , the top row of (|3.48p 
defines a short exact sequence as in part (a). To prove part (b), let v' : AiS>\,Y'* Z' be the 
homomorphism in (B) from Lemma |3.20[ which is induced by relative to the top row 

of (|3.48p . By representing v' by a homomorphism in C^{B) as in Remark 13.211 one sees that in 
D-{B) 



A(. 



Hence v' is an isomorphism in D (B), and xy defines an isomorphism between the quasi- lifts 
{Y\v) and {Y'',v') of (ZVC) over A'. □ 



Lemma 3.23. Assume the notation of Definition \3.13l so that in particular, P'^'* is an acyclic 
complex of projective pseudocompact B' -modules. Let l : Hj ^(A(g)yi'P*'*) — > J^aZ* be the iso- 
morphism in (B) from Definition \ 3.9l Let lu = lu {Z\A') be the class u = d^/{i) e £^2'° = 
Ext^-(B)(Z*, J®A^'). 

(i) Suppose {Z*,C,) has a quasi-lift {Y* ,v) over A'. Then uj = 0. 

(ii) Conversely, suppose that u — 0. 

(a) There exists k € lio'niD-(^g-j{AiSiA'T* , JiSiaZ*) with kou = l. Let /i^) represent the 

class rjfi in Fjj, as defined in Definition \3.16\ where ^ : ^ X* Y' Z' — > 0. 
Let V : A^\iY* Z* be the homomorphism in D~{B) from Lemma \3.20\ relative to 
^. Then (1^*,^) is a quasi-lift of over A', which we denote by {Y*,Vk). 

(b) Let S be the set of the classes 77^ in Fjj as k varies over all choices of elements of 
'5iomjj-(^B){A'^A'T', J(^aZ') with ko a — l. Then the map t],^ ^ [(Y*,Vk)] defines a 
bisection between S and the set T of all isomorphism classes of quasi-lifts of {Z*,C,) 
over A' . 

(c) The set of all isomorphism classes of quasi-lifts of [Z* , Q over A' is a principal homo- 
geneous space for E^^ . The set of all k € Jiomjj ~ (^^^{Ai^a'T* , J'^aZ*) with noa = l 
is a principal homogeneous space for E\'^ = Ext}5-(^-)(.Z*, J®aZ*). 



Proof. For part (i), suppose {Y',v) is a quasi-lift of {Z' X) over A' . Using Theorem 12. 101 we may 
assume that the terms of Y' are projective pseudocompact i3'-modules. Moreover, by adding an 
acyclic complex of topologically free pseudocompact i?'-modules to Y* if necessary, we can assume 
that V : A^A'Y' Z* is given by a quasi-isomorphism of complexes in C~{B) that is surjective 
on terms. Hence we a have a short exact sequence in C^{B') of the form 



(3.49) 







K' Y' 



Z' 0, 



where vy is the composition Y* —t A®a'Y* Z* and K' = Ker(i;y). Note that K* may or may 
not be annihilated by J. Since is a projective object in C~{B'), we obtain a commutative 
diagram in C^[B') whose top (resp. bottom) row is given by (|3.16|) (resp. (|3.49[) ). Tensoring this 
diagram with A over A' , we get a commutative diagram in C^{B) with exact rows 



(3.50) 



■Rf^iA^A'P'^')' 



■RJ^A^A'P''')' 



A®A'T'- 



■ A®A'K* 



■A®A'P° 



■A®A'Y* 



Z' 



Z" 
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whose top row is given by (|3T7| . Using the definit ion of ai and a2 in (|3.20p and (I3.2ip . one sees 
that the top row of (|3.50p defines the class Q!2[1] ° ol\ in Ext^_(^>)(Z*, ^(v4(g)^/P*'*)). Because 
V is an isomorphism in D^{B), the bottom row of ()3.50p shows that fy is also an isomorphism in 
D^{B). Therefore, a2[l] o ai = in D^{B). Since uj = ^^'^(i) = t[2] o a2[l] o ai by Lemma [3.151 
this implies w = in D~{B). 

For part (ii), assume that uj — (t) = 0. By Lemma [3.17( 11). there exists k : A®a'T* 
J^aZ' in D~{B) with no a = l. Let (S,,h^) and v be as in the statement of part (ii)(a), where 

^ : ^ X' ^ ¥• ^ Z* 0. Let : }iJ^{A^A'P''') ^ X' be the homomorphism in C-{B) 
resulting from tensoring ^ with A over A'. By Lemma I3.17f ii). o — i, which implies that 

is an isomorphism in D~{B). Hence by Lemma I3.20[ v : A®\,Y' — > Z' is an isomorphism in 
D^{B). Using the isomorphism v together with the fact that Z* has finite pseudocompact A-tor 

dimension, it follows that there exists an integer N such that W{S^^iY') = for all i < TV and for 
all pseudocompact ^-modules S. Since for all pseudocompact A'-modules S' we have that JS' and 
S' / JS' are annihilated by J and thus pseudocompact A-modules, one sees that ff(S"«)^,y) = 
for all i < N. Hence (Y', v) is a quasi-lift of (Z*, over A' , which we denote by {Y*, Vk). 
Let S and T be as in the statement of part (ii) (b) . We need to show that the map 

(3.51) S ^ T 

is a bijection. This map is well-defined, since, as seen at the end of Definition 13.161 77„ = ^1k' if 
and only if k o ay = k' o in D^{B') and the construction in Definition 13.161 shows that k o ax 
determine [{Y*,Vf-)]. 

We first prove that p.5ip is surjective. Given a quasi-lift {Y*,v) of {Z*,() over A', we may 
assume by Lemma 13.221 that there is a short exact sequence ^ : — > X' Y' Z' — > in 
C^{B') as in Definition 13.71 and that the isomorphism v : Z* is the homomorphism 

in D^{B) from Lemma 13.201 relative to ^. Since v is an isomorphism in D^{B), it follows from 
Lemma [3.201 that the homomorphism /t : H^^(A(g)^/P''') X' is an isomorphism in D^{B). 
Letting — lo f^^, it follows that (C,/i^) represents a class r/^ in Fjj. By Lemma [3.17f i). there 
exists K S Hom£)-(s)(A®yi'T', J^aZ') such that noa = h^o = l and r/^ — r/^ in Fjj. Following 
the definition of (Y^*,Uk), one sees that {Y*,Vn) and {Y',v) are isomorphic quasi-lifts of (Z*,C) 
over A' . 

To prove that (|3.5ip is injective, let t]k., € S be such that (Y', v^) and {Y*,,Vk') are isomorphic 
quasi-lifts of {Z' , () over A' . This means that there exists an isomorphism 9 : Y' Y* in D~{B') 

with Uk' o {A%)\,9) — Vk- Consider the triangle in D~{B') 

(3.52) j®\,y: ^ a'®\y: ^ a®\,y: ^ j®i>y:[i], 

which is associated to the short exact sequence obtained by applying the functor —^a'^* to the 
sequence Q-^J^A'^A^Q. Using the definition of u^, one sees that "q^ovK. = {J^A'^>i[^])°VK- 
On replacing k by k', one obtains a similar equation relating ry^' and rjj^,. Since ( J(8'yi/0[1]) o ij^ = 
r]^, o {A^^,9), this imphes that 77^ ~ 

The first statement of part (ii)(c) follows from part (ii)(b) above and from Lemma [3.19r iv). For 
the second statement of part (ii)(c), one notes that since uj — t[2] o a2[l] o = and t and ai are 
isomorphisms in D~{B), one has a2 = 0. Replacing 02 = in the triangle (I3.2ip and applying the 
functor Hom£)-(5-)(— , Ji^aZ), one obtains a short exact sequence of abelian groups 

^ Honi(i:>', J®aZ') ^ YiouY{A®A'T\ MaZ') ^ }iom(Rj\A(E)A' P''*), J®aZ') 0, 

where Hom stands for Hom£,-(B). Since Hom£)-(B)(Z?', J(g)^Z*) = Ext^-(3)(Z*, J^^Z*), part 
(ii)(c) follows. □ 
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3.6. Proof of Lemma 13. 12i As in the statement of Lemma [3.121 suppose that {Y* , v) is a quasi- 
hft of (Z'X) over A'. Using Theorem 12.101 we may assume that the terms of Y* are projective 
pseudocompact i3'-modules. Consider the triangle in D^{B') 

(3.53) A®A'Y'[-l\ A J®A'Y' ^Y' ^ A®a'Y\ 

which is associated to the short exact sequence obtained by applying the functor — = —®a'Y' 
to the sequence Q-^J—tA'^A^Q. Applying the functor Hom£i-(s')(y , — ) to the triangle 
(|3.53p . one obtains a long exact Horn sequence 
(3.54) 

^Yiomo-^s'){Y',Y'[-l]) ^Homo-(s')(>".^®A'y[-l]) 

Homo-(B,)(y, J®^,F*) ^ Homo-(B')(>", ^ YLom^- ^Br){Y' , A® a'Y') ^ • • • 

Using that Image((6)*) is a two-sided ideal with square in Hovajj-i^gi-^iY' ^Y'), one sees that 

(3.55) Aut2,-(B,)(y) Image((5),) Homc-(B,)(r', J®A'1'*)/Iniage((a),). 

Since Y* is a bounded above complex of projective pseudocompact i3'-modules, c induces an iso- 
morphism (c)* : YLoiTiD- ^^B){A®A'y* ,W*) ^ Homo- (B')iY* , W) for all complexes W in C-{B). 
Thus p.55p implies 

(3.56) Aut°,-(s,)(r') = Romo-f^BM^A'Y', MA'Y')/linage{Ext-\ ^g^iA^A'Y* , A^A'Y')), 

where lmiige(ETd,]ji ^^^{Aig)A'Y' , A<i>A'Y')) is the image of Roitibi- (^b){A'^ A'Y' , AigjA'Y'l-l]) in 
llomB)-(^B){^^A'Y',J^A'Y') under the composition ((c)* )^-^ o (a), o (c)*. Since v induces an 
isomorphism JiS^av '■ J^a'Y* J(E)aZ* in D^{B), Lemma [3.121 follows . 

4. Quotients by pro-p' groups 

In this section, we give an application of the obstructions to lifting quasi-lifts as determined in 
^ As we have assumed throughout this paper, the field k has characteristic p > 0, and V is a 
complex in _D^(fc[[G']]) that has only finitely many non-zero cohomology groups, all of which have 
finite fc-dimension. Without loss of generality, we may assume that W{V') = unless — po < * < — 1- 

Remark 4.1. Suppose there is a short exact sequence of profinite groups 
(4.1) l^i^-^G-^A^l, 

where if is a closed normal subgroup which is a pro-p' group, i.e. the projective limit of finite groups 
that have order prime to p. Let R be an object in C, and suppose M is a projective pseudocompact 
i?[[A]]-modulc. Then the inflation Inf£ M is a projective pseudocompact i?[[G']]-module. 

Proposition 4.2. Suppose G and A are as in RemarkU.li G has finite pseudocompact cohomology, 

G 

and V is isomorphic to the inflation Inf^ of a bounded above complex of pseudocompact 
k[[A]]-modules. Then the two deformation functors F'^ = Fy, and F^ — Fy, which are defined 
according to Definition \2.11\ are naturally isomorphic. In consequence, R{G,V') = R{A,V^) and 
{UiG, V), M - (InfA ;^(A, V^), Inf^ (bu)- 

Proof. It follows from the definition of finite pseudocompact cohomology (see Definition 12. 12p and 
from Remark |4. II that A also has finite pseudocompact cohomology. It will be enough to show that 
the two deformation functors F'-^ — Fy, and F"^ — Fy, are naturally isomorphic. 

Let J ^ A' ^ A ^ be an extension of objects A' , ^ in C with = 0, and let {Z^, (a) 
be a quasi-lift of over A. By Theorem l2.10[ we may assume that the terms of are projective 
pseudocompact A[[A]]-modulcs. Hence {Z',(^) — (Inf^ Z^, Inf^ Ca) is a quasi-lift of V over A, 
and by Remark l4. li the terms of Z' are projective pseudocompact A[[G]]-modules. By Remark 1 2. 8 1 
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we can truncate Z^, and hence Z* = Inf^ Z^, so as to be able to assume Hypothesis [2] for both Z^ 
and Z*. Moreover, in view of Remark |4. 11 we can choose the projective resolutions P* * ^ Z* ^ 
and P^'* Z^ ^ in Definition 13.31 such that P' ' = Inf^ P^'* and such that P^*, and hence 
P°'*, is acyclic. We can also arrange that the projective Cartan-Eilenberg resolutions M*'*'* and 
M^'*'* in Definition ED satisfy M''''' = Infg M^'''. Following the definition of (jXTU)) and (PTT|) . 
we see that the natural inflation homomorphisms from A to G identify the sequences of low degree 
terms for G and for A. Using Theorem I3.10f i). it follows that the obstruction to lifting (Z^Xa) 
over A' vanishes if and only if the obstruction to lifting over A' vanishes. Using Theorem 

I3.10r ii). we see that if these obstructions vanish, then the set of all isomorphism classes of quasi- lifts 
of {Z*,() over A' is in bijection with the set of all isomorphism classes of quasi-lifts of {Z^,(a) 
over A'. This implies Proposition 14.21 □ 

5. FiNITENESS QUESTIONS 

In this section, we consider the question of when every quasi-lift of V* over a ring A inC can be 
represented by a bounded complex of abstractly finitely generated free ^-modules with continuous 
actions by G. Recall from Remark 12.3( 111) that if a pseudocompact module is abstractly finitely 
generated free, then it is topologically free on a finite set. 

As before, k has positive characteristic p. We distinguish two cases: 

Case A: G is topologically finitely generated and abelian; and 

Case B: G is the tame fundamental group of the spectrum of a regular local ring S whose residue 
field k{S) is finite of characteristic ( p with respect to a divisor D with strict normal crossings. 

We recall the structure of G as in case B (see [SI Hi]). Let Y = Spec(S'), and let Dy = D = 
^[^]^ divy (/i) for a subset {/i}i=i of a system of local parameters for the maximal ideal ms of 
S. Let X = Spec(S''') be the strict henselization of F, so that is local, its residue field is 
equal to the separable closure k{S^) — k{Sy of k{S), and mgh is generated by ms- The divisor 
Dx = X]I=i divjf (/i) has normal crossings on X . We have an exact sequence 

(5.1) 1 t:\{X,Dx) -> A{Y.Dy) ^ G&\{k{Sy / k{S)) -> 1 

in which G = 7rJ(y, Dy) and 7rJ(X, Dx) are tame fundamental groups. There is a Kummer isomor- 
phism 

r 

(5.2) 7r*(X,I?^)-[]z(^')(l) 

1=1 

in which iS^ \\) = lim^^. The group Ga\{k{SY / k{S)) is procyclic and is topologically generated 

by the Frobenius automorphism ^k(s) relative to the finite field k[S). Explicitly, if we define 
/ > 1 so k{S) = ¥(i has order ^ then a lift $ G 'K\{Y,Dy) of ^k(s) a-cts on each factor of 
7r*(A, Z?x) which is isomorphic to Z*^^ ^(1) via the map C ^ C^^- Since the procyclic group ($), 
which is topologically generated by the lift $, is isomorphic to the profinite completion Z of Z, 
and this maps isomorphically to Ga\-{k{Sy / k{Sy) , we see that (|5.ip is a split exact sequence and 
G = 'K\(Y,Dy) is the semidirect product of ($) with 'k\{X,Dx)- 

Suppose V* G iI'^(fc[[G]]) is as in Hypothesis [1] i.e. V* has only finitely many non-zero coho- 
mology groups, all of which have finite /c-dimension. Assume that W{V') = unless ni < i < 712. 
Theorem ll.2l statcs that for G as in case A or case B, the versal deformation {U{G, V), (t>u) is repre- 
sented in {R{G, V')[[G]]) by a complex that is strictly perfect as a complex of R{G, )-modules. 
This is a consequence of the following result. 

Theorem 5.1. Let A be an object of C. Suppose {P* , (f>) is a quasi-lift of V* over A such that P* 
has properties (i), (ii) and (Hi) of Theorem \2.10\ . There is a bounded complex Q* of pseudocompact 
A[[G]]-modules which is isomorphic to P* in {A[[G]\) for which each term is an abstractly 
finitely generated free A-module and = unless ui < i < 712- 
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The proof of Theorem lS.ll is outlined in the next section and carried out in subsequent sections. 
5.1. Outline of the proof of Theorem 15.11 We begin with a reduction. 
Lemma 5.2. There is a pro-p' closed normal subgroup K of G with the following properties: 

(i) The complex V* is inflated from a complex for A G/K . 

(ii) In case A, A = 7^^ x Q x Q' where Q [resp. Q') is a finite ahelian p-group {resp. p' -group). 
Let wi_j for 1 < j < s be topological generators for the Zp-factors in this description. 

(iii) In case B, let "iS^ ■'(1) be the unique maximal pro-p' subgroup of "iS^ Hi)- the 
maximal subgroup of 

r r 
i=l 1=1 

that acts trivially on all of the terms of V* . Then Ki is closed and normal in G and 

for a finite abelian group Ai which is of order prime to p and £. Let Nq C ($) be the kernel 
of the action of ($) on Ai, and view (<&) as a subgroup of G via a choice of Frobenius in 
G. Define Kq to be the maximal subgroup of Nq that acts trivially on all of the terms ofV*. 
The group K generated by Kq and Ki is the semidirect product Ki.Kq and is normal in G. 
The group A — G/K is the semidirect product of Ai with the quotient Aq — {^)/Ko. Let 

$ be the image of ^ in Aq. The group Aq is isomorphic to the product ($ ) x Aq, where 

Aq is cyclic of order d prime to p and ) is isomorphic to Zp. Define wi ~ ^ , and let 
{w2,j}^^i be topological generators for the Xp{l) -factors in Ai. 

Proof. Case A is clear, since G is abelian in this case. To prove this for G = ttKY, Dy) as in case B, 
one lets d' be the smallest integer such that l-^'^ = 1 mod p. In particular, d' is relatively prime to 
p. Writing (^"^ ) as a product d' Y[q "^q as q ranges over all primes, one shows that the kernel of the 
action of (<i>) on Zp(l) is equal to d' Y\q^p ^q- It follows that iVg is the subgroup of d! Ilq^p that 
acts trivially on the characteristic subgroup Ai of Ai. Since Ai is finite and Kq is the maximal 
subgroup of iVo that acts trivially on all of the terms of V* , this implies that Kq has finite index in 
d' Yiq^p ^9- Thus Kq has finite index d which is prime to p in Ilg^iip ^g- One obtains that 

($) = Zp X lH^q] D {0} X d IY[zA ^ Ko, 

which proves that Aq = (<&) / Kq ~ Zp x Aq, where Aq is finite and cyclic of order d prime to p. 
The remaining statements in the lemma now follow. □ 



The following result is a consequence of Lemma 15^ and Proposition [472] 

Corollary 5.3. It suffices to prove Theorem \5.1\ when G is replaced by the group A described in 
Lemma \5.S\ 

Let A be an object of C. Since 74[[Zp]] is isomorphic to a power series algebra over ^ in s 
commuting variables, it follows that ^[[A]] is left and right Noetherian for A as in Lemma [STUii) . 
For A as in Lemma [S^ iii). one considers the subgroup A of finite index in A that is topologically 
generated by wi = and by W2,j, ^ < j < r. By embedding A as a closed subgroup of block 
diagonal matrices with blocks of size 2 inside GL2r(Zp), one sees that A is a compact p-adic analytic 
group. Hence it follows from Lazard's result [12, Prop. 2.2.4 of Chap. V] that Zp[[A]] is left and 
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right Noetherian. Since Lazard's arguments also work if Zp is replaced by A, we obtain the following 
result. 

Lemma 5.4. If A is an arbitrary object ofC and A is as in Lemma \5.S\. then the ring B ~ A[[A]\ 
is both left Noetherian and right Noetherian. 

For the remainder of this section, let A be an object of C and let B — A[[A]]. To better explain 
the main ideas of the proof without having to use multiple subscripts, we will at first assume that 
if A is as in Lemma l5.2f iii) then r = I. In this case we will write W2 instead of W2,i- We will show 
in i j5.7l how to generalize the proofs to work for r > 1. 

The proof of Theorem 15.11 depends on the following results. 

Proposition 5.5. Suppose A is as in Lemma \5.2{ iii) and r = 1. Define W2 = W2,i- For positive 
integers N,N' , let J = B- (w^ - 1)^' . Then J is a closed two-sided ideal of B and the quotient ring 
B = B / J is a pseudocompact A-algebra. Moreover, J is a topologically free rank one left B-module 
and a topologically free rank one right B-module. 

Proposition 5.6. Suppose A is as in Lemma \5.S( iii) and r — 1. Define W2 = u'2,1. Let M be 
a pseudocompact B-module that is finitely generated as an abstract A-module. Then there exist 
positive integers N,N' such that (w^ — 1)^ • M = {0}. 

Proposition 5.7. Let J be a two-sided ideal in B of the following form: 

(i) If A is as in Lemma \5.S)l ii). let J =^ {0}. 

(ii) If A is as in Lemma \5.2l iii) and r = 1, let J ^ B ■ (w^ — 1)^ , where W2 — W2^i and N, N' 
are positive integers. 

If A — B/J, then A is a pseudocompact A-algebra. Suppose M is a pseudocompact A-module that 
is finitely generated as an abstract A-module. Let T be a pseudocompact A-submodule of M that is 
finitely generated as an abstract A-module. Then there is a pseudocompact A-submodule M' of M 
such that M' n T = {0} and M /M' is finitely generated as an abstract A-module. 

Proposition 5.8. Let D, be a pseudocompact ring that is left Noetherian. Let P' be a complex in 
D^ {Q) whose terms are free and finitely generated as abstract ^.-modules such that P^ — if 
i > 0. Suppose that for i < 0, Ii is a closed two-sided ideal in n with the following properties. 

(a) The cohomology group W{P*) is annihilated by Ii for i <0. 

(b) For i < 0, the two-sided ideal Ji ^ Ii ■ li^i ■ ■ ■ Ii ■ Iq is free and finitely generated as an 
abstract left fl-module. 

Then P' is isomorphic in D~ (Q) to a complex Q' such that Q* = for i > and Q' is annihilated 
by Ji for i < 0. 

Proposition 5.9. Suppose A is one of the groups in Lemma \5.S\. where we assume r = 1 when A is 
as in Lemma ] 5. 0[ Hi). Let M be a pseudocompact B-module that is finitely generated as an abstract 
A-module. Then there exists a pseudocompact B-module F that is free and finitely generated as an 
abstract A-module and a surjective homomorphism ip : F M of pseudocompact B-modules. 

Remark 5.10. Let il he a pseudocompact ring that is left Noetherian, and let M' be a bounded 
above complex of pseudocompact il-modules such that = for i > n and the cohomology 
groups H*(M') are finitely generated as abstract il-modules. The construction given by Hartshorne 
in [HI III Lemma 12.3] shows that there is a quasi-isomorphism p : L' M' in C^(ri), where L* 
is a bounded above complex of pseudocompact fi-modules that are free and finitely generated as 
abstract 17-modules and = for i > n. Moreover, we can require p""^ : M"~^ to be 

surjective. 

We first show how Theorem 15. II follows from these results when G is replaced by A and, if A is 
as in Lemma l5.2f iii). we assume r = 1. As before, we write W2 instead of W2.i- 

Suppose P* has properties (i) , (ii) and (iii) of Theorem 12.101 Without loss of generality we will 
suppose that n2 = 0, so that = if i > 0. 
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Step 1: The complex P* is isomorphic in D^{B) to a complex Q* such that = if i > or 
i < ni and such that if rii < i < then Q* is annihilated by a closed two-sided ideal J in B of the 
form described in Proposition [5?71 

Proof of Step 1. If A is as in Lemma [5^ ii). we can define Q' to be the complex obtained from P' 
by replacing F"i by P"i /B"i(P') and P' by for i < 7ii. 

Suppose now that A is as in Lemma [521 iii) ^^'^ r = 1. Using Remark l5.10[ we can assume that 
the terms of P* are free and finitely generated as abstract i?- modules and that = for i > 0. For 
j < 0, we apply Proposition 15.61 to M = W{P') to see that there are integers N{i),N'{i) > 1 such 
that the left ideal li = B ■ (w^'*'' — 1)^ annihilates W{P'). Proposition 15.51 shows that li is a 
closed two-sided ideal of B that is a topologically free rank one right P-module and a topologically 
free rank one left B-module. Therefore for i < 0, the ideal J,; = li ■ J^+i • • • /i • /q is a topologically 
and abstractly free rank one left B-module. The hypotheses of Proposition 15.81 are now satisfied 
when we let Vt = B. Therefore P' is isomorphic in D^{B) to a complex Q* such that Q* = for 
i > and is annihilated by Ji for i < 0. Since W{Q') = H'(P*) = if i < rii, we may replace 
gm by g"i/B"i(Q') and by for i < ni. Let N = ULn, ^(*) and let N' = N'{i) and 

define J = B ■ — 1)^ . Then J is a closed two-sided ideal which lies inside J„j. Since J„^ 
annihilates for all «, step 1 follows. 

Step 2: We can assume that the complex Q' from step 1 has the property that all of the are 
finitely generated as abstract A-modules. 

Proof of Step 2. Let J be the ideal from step 1. By Remark l5.101 Q* is isomorphic in D~{B/ J) to 
a complex Q'' whose terms are zero in positive degrees and free and finitely generated as abstract 
P/J-modules in non-positive degrees. Let Q"' be the complex obtained from Q'' by replacing Q'"^ 
by (5'"^/B"i (Q'*) and Q'' by for i < ni. By replacing Q* by Q"' , we can assume that all of the 
terms are finitely generated as abstract _B/ J- modules. 

Suppose by induction that no is an integer such that Q* is finitely generated as an abstract 
A- module for all integers i < hq. This hypothesis certainly holds when no = ni, since — for 
i < ni. Since B"°{Q*) = linage{Q""~^ Q"") and R^°{Q*) are finitely generated as abstract 
A-modules, also Z"°{Q*) — Kei{Q"'' Q^°^^) is finitely generated as an abstract A-module. We 
apply Proposition 1 5 . 71 to the modules M = Q"° and T — Z^"{Q'), where, as arranged above, Q"" 
is finitely generated as an abstract P/J-module. This shows that there is a pseudocompact B/J- 
submodule M' of M such that M' n Z"° {Q') = {0} and Q"" /M' is finitely generated as an abstract 
A-module. The restriction of the differential 6"-° : Q"° (5""+^ to M' is therefore injective. This 
implies that we have an exact sequence in C~{B/J) 

in which Q' consists of the two-term complex M' d""{M') in degrees Uq and no + 1, and 
the morphism Q' Q' results from the natural inclusions of these terms into Q^" and (5""+^, 
respectively. Since Q* is acyclic, Q* — s- Q* is a quasi-isomorphism. The term Q\ is Q* if « < no, 
and if i = no then = Q^" /M' which is finitely generated as an abstract A- module. One now 
replaces Q* by Ql and continues by ascending induction on rip. Hence step 2 follows. 

Step 3: The complex Q* from step 2 is isomorphic in D^{B) to a complex L* such that = for 
i > and U is free and finitely generated as an abstract A-module for i < 0. 

Proof of Step 3. We construct L' using Proposition l5.9l together with a modification of the procedure 
described in j£, III Lemma 12.3]. 

If n < is an integer, let Q^" be the truncation of Q* which results by setting to all terms in 
degrees < n. Suppose by induction that is a complex in D^{B) with the following properties. 
The terms of are free and finitely generated as abstract A-modules and these terms are in 
dimensions < n and in dimensions > 0. Moreover, there is a morphism tt^" : L^" — > in 
C^{B) which induces isomorphisms II*(L^") — > W{Q') for i > n + \ and for which the induced 
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map Z"+^(L>") — > H"+^((5*) is surjective. We can certainly construct such an for n = since 
= for i > 0. 

The pseudocompact S-module Z^{Q') is finitely generated as an abstract ^-module since it is a 
submodule of Q" and A is Noetherian. Therefore, by Proposition l5.9[ there exists a pseudocompact 
B-module L" that is free and finitely generated as an abstract yl-module together with a surjection 
n: L'l ^ Z"(Q*). Let 7r"+i : L"+^ Q"+^ be the morphism defined by 7r>". Define M to be the 
pullback: 

(5.3) M ^ (^"+i)-i(B"+i(g')) 

Q" ^B"+i(Q*). 

Because {tt"^^)~^ (B^^^^ {Q')) is contained in L"^^, it is finitely generated as an abstract A-module. 
Since Q" is also finitely generated as an abstract A-module, it follows that the pseudocompact 
B-module M is finitely generated as an abstract A-module. Note that the top horizontal morphism 
in (|5.3p is surjective because the lower horizontal morphism is surjective. 

By Proposition l5.91 there exists a pseudocompact S-module that is free and finitely generated 
as an abstract A-module together with a surjection T2 : L2 ~* M of pseudocompact B-modules. 
This and (|5.3p lead to a diagram of the following kind: 

(5.4) = e -^-^ 

Q" ^^-^Q«+i. 

Here the restriction of d" : L" © to L" is trivial, and the restriction of d" to L2 is 

the composition of the surjection T2 : L2 M with the morphism M — > 'iT~^-y{W^'^'^ {Q*)) in the 
top row of (|5.3p followed by the inclusion of 7r,7_J;i(B"+^((5*)) into L"+^. The restriction of the left 
downward morphism tt" : L" = L" © ^ Q" to L" is the composition of ri : L" ^ Z"(Q*) 
with the inclusion of Z^{Q*) into Q", and the restriction of this morphism to results from the 
surjection T2 : L2 M followed by the left downward morphism in (|5.3p . 

By construction, the diagram (|5.4p is commutative, and gives a morphism 7r>("^^) : i>("~i) — > 
Q>(n-i) C-(B). We assumed that the morphism Z"+i(L*) ^ H"+i(Q*), which is induced by 
TT^", is surjective. Since the top horizontal morphism in (|5.3p is surjective, the image of c?" : ^ 
L"+i is (7r"+i)-i(B"+i(Q')) C It follows that 7r>("-i) : L>("-i) ^ Q>("-i) induces an 

isomorphism 

jjn+l(^>(n-l)) ^ H"+1(Q'). 

Because L?,' C Z"(L>("-i)), we also have that tt" : Z"(L>("-i)) ^ Z"(g*) is surjective. So since 
L" is free and finitely generated as an abstract ^-module, we conclude by induction that we can 
construct a bounded above complex L* in D~{B) whose terms are free and finitely generated as 
abstract A- modules together with a quasi-isomorphism L' Q' in C~{B). This completes the 
proof of step 3. 

Since L* from step 3 is isomorphic to P* in D^{B), L' satisfies hypotheses (ii) and (iii) of 
Theorem 12.101 By Definition 12.71 this implies that L* has finite pseudocompact A-tor dimension 
at ni. Since all the terms of L' are topologically free by Remark l2.5f iii). it follows by Remark 12.81 
that the bounded complex C that is obtained from L' by replacing L^^ by L"i/B"i(L') and 
by for i < ni, is quasi-isomorphic to L* and has topologically free pseudocompact terms over A. 
By Remark l2.5r iii) and step 3, this implies that all terms of C are free and finitely generated as 
abstract A-modules. 



26 



F. BLEHER AND T. CHINBURG 



Because of Corollary I5.3[ this completes the proof of Theorem I5.1[ assuming Propositions 15.51 - 
land assuming r = 1 if G is as in case B. We will prove these propositions in ^5.'2\ - %^a.nd 
discuss the case r > 1 for G as in case B in fJ57 



5.2. Proof of Proposition [STSl Suppose A is as in Lemma [5.2^ 11) and r = 1. Write W2 instead 
of u'2.1, and let J = _B • (w^ — 1)^ be as in the statement of Proposition 15.51 The key to proving 
this proposition is to uniquely express each element in B = A[[A]] by a unique convergent power 
series as in Lemma 15.111 below. 

We first note that the left ideal J ~ B ■ — 1)^ is a two-sided ideal in B, since 

N' 

(5.5) « - 1)^' - $ (-f ^ - 1)^' =^{y:<\ - ir. 




Suppose that in the description of Ag in Lemma l5.2f iii). the finite cyclic p'-group Aq of order d is 
generated by cr S A. 

Lemma 5.11. Write N — p^t where s > and t is prime to p. Then W2 — 1 = (^2 ^ 1) ■ where 
V is a unit of B commuting with W2, so J — B ■ {w!^ — 1)^ . Every element f of B can be written 
in a unique way as a convergent power series 

(5.6) / = ^ z„,a,c,b,c a" {wi - ir ? w'2 (wf - l)^ 

in which the sum ranges over all tuples {u, a, ^, 6, c) with < u < 1, a > 0, ^ € Ai, < 6 < p*' — 1 
and c > 0, and each Zu a ^ b c lies in A. Moreover, any choice of a (,b c G A defines an element 

feB. 

Proof. A cofinal system of closed normal finite index subgroups of A is given by the groups H{m, m!) 
that are topologically generated by and w\ , where m > is arbitrary and m' is chosen so 

that £f'^P"^ = 1 mod ^3"+™ and the order of the automorphism of the finite group Ai induced by 
the pro-p element wi divides . Note that these requirements on m' ensure that each H{m,m') 
is normal in A. Define r(m, m') = A/ H(m, m'). 
In B. we have 



N 1 _ ^,yt 
2 



-i = « -1) 



where ?; = l-f ^2 +■ ■ ■ + W2 *"* is congruent to t mod the two-sided ideal B ■ (w2 — 1). Since t ^ 
mod p, V has invertible image in B/ {B ■ {w2 — 1) n pB). Since the two-sided ideal B ■ {w2 — 1) DpB 
has nilpotent image in A'[T{m,m/)] for all discrete Artinian quotients A' of A, this implies that v 
is a unit in B. 

Since B — A[[A]] is the projective limit of the quotient rings A'[T{m,m')], as A' ranges over all 
discrete Artinian quotients of A and (m, m') ranges over all pairs of integers satisfying the above 
conditions, it follows that every f (z B can be written in a unique way as a power series as in (|5.6|) 
and every such power series converges to an element in _B. □ 

Remark 5.12. By a similar argument, every element f of B can be written in a unique way as a 
convergent power series 

(5.7) f^J2 ^".-^e.".- (^2° - 1)' ^2 e (^1 - 1)" fT", 

in which the sum ranges over all tuples (u, a, ^, 6, c) with 0<it<(i— l,a>0,^GAi,0<6<p'' — 1 
and c > 0, and each uJa.b.^.c,u lies in A. Moreover, any choice of uja,b,^,c,u G A defines and element 
in B. 

To prove Proposition 15.51 let J = S . — 1)^ . By (|5.5p . J is a two-sided ideal in B. By 
Remark I2.3r i). J is closed in B, which implies that B ~ B/J is a pseudocompact yl-algebra. By 
using Lemma [5.1 II (resp. Remark l5.12p . we sec that right (resp. left) multiplication with {w2 —1)^ 
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is an injective homomorphism B B. This shows that J is an abstractly free rank one left (resp. 
right) B- module. By Remark l2.3r iii). this proves Proposition 15.51 

5.3. Proof of Proposition [5T6l Suppose A is as in Lemma [H^UJiii) and r = 1. Write u>2 instead 
of ^2,1. We will prove Proposition 15.61 bv proving Lemmas 15. 131 and 15. 151 below, which enable us to 
essentially reduce to the case when A is a field. 

Lemma 5.13. Let L be a field and let M he a pseudocompact L[[A]]-module that is finite dimen- 
sional as L-vector space. There exist positive integers N, N' which are bounded functions o/dim^ M 
such that (wf - 1)^' • M = {0}. 

Proof. The action of W2 on AI defines an automorphism in Auti(M) C EndL(-/Vf). This implies 
that there is a monic polynomial h{x) S L[x] of degree less than or equal to (dim^M)^ such 
that h{w2) ■ M = 0. Since W2 is a unit, we can assume that h{x) is not divisible by x. Since 
Wih{w2)wi^ = h{w2 ), it follows that h{w2 ) also annihilates M. 

Let / be the ideal of L[x] that is (abstractly) generated by {h{x^^'^") | n > 0}. Then f{w2)-M = 
for all f{x) G /. Since L[x] is a principal ideal domain, / is generated by a single polynomial d{x) e 
L[x]. Moreover, since x does not divide h{x), x also does not divide d{x). Because d{x^^'') £ /, d{x) 
divides d{x^^ ). This means that if {pi, . . . , Pm} are the roots of d{x), then for each I < i < m, 
{pj I n > 0} is contained in {pi, . . . , pm}- Note that m < degd{x) < degh{x) < {diuiL M)"^. 
This implies that there exists a positive integer s, which is a bounded function of dim^Af, such 
that each pi is a root of unity of finite order bounded by £^'^''. Thus d{x) divides a polynomial of 
the form (a:^ - 1)^' where TV, iV' are bounded functions of dim^ M. □ 

Corollary 5.14. Suppose M is a pseudocompact A[[A]\-module that is finitely generated as an 
abstract A-module. There exist positive integers TV, N" that are bounded functions of the number of 
abstract generators of M over A such that (w^ — 1)^ annihilates /c(p)(g)^M for all prime ideals p 
of A, where k(jp) denotes the residue field of p. 

Proof. Note that dimj,(p')(fc(p) iS)a M) is less than or equal to the number of generators of M as an 
abstract A-module. Hence we can use Lemma [5. 131 with k{p) for L and k{p)^AM for M. □ 

Lemma 5.15. Let M be as in Corollary \5.14\ Suppose f e Endyii(M) and that for all prime ideals 
p of A we have 

(5.8) f{M\ C p . A/p 

where the subscript p means localization at the prime ideal p . Then f is nilpotent. 

Proof. Let first p be a prime ideal of A of codimension 0. Then dim Ap = so that Ap is Artinian. 
Because f{M) is finitely generated as an abstract A-module, this implies that f{M)p is an Artinian 
Ap -module. Since by assumption, /(Af)p C p • A/p, we obtain for all positive integers n that 
/"(A/)p C p" - A/p. Thus there is a positive integer n{p) with /"(^H^-^)? = 0- Since A is Noetherian, 
there are only finitely many prime ideals of A of codimension 0. Hence there is a positive integer 
no such that (Af )p — for all prime ideals p of A of codimension 0. 

Now let t > 1, and suppose by induction that there is an integer nt-i such that /"*-i(A/)q = 
for all prime ideals q of A of codimension at most t—1. In particular, for each prime ideal q of A of 
codimension at most t—1 there exists an element 6(q) S A such that 6(q) ^ q and b{q)-f^*-^ (Af ) — 0. 
Let It-i be the ideal of A that is abstractly generated by all elements 6(q) as q ranges over all prime 
ideals of A of codimension at most t—1. 

Let p be a prime ideal of A of codimension t. Using that the non-zero prime ideals of (A//t_i)p = 
Ap/Lt-iAp correspond to the prime ideals of Ap containing /(_iAp and that the prime ideals of 
Ap correspond to the prime ideals of A contained in p, one shows that (A//t_i)p has dimension 
0. Since /"'-^(Af) is finitely generated as an abstract (A//t_i)-module, one shows, similarly to 
the first paragraph of this proof, that there is a positive integer n(p) with Z"*-'^-' (Af )p = 0. Since 
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f^*-^{M) is supported in codimension t, it follows that there is a positive integer rit such that 
(M)p = for all prime ideals p of A of codimension at most t. 

Since A is Noetherian, the codimcnsions of all prime ideals of A are bounded above by a fixed 
non- negative integer. Hence we obtain that there is a positive integer n such that /"(M)p = for 
all prime ideals p of A, which implies f^{M) — 0. □ 

To prove Proposition 15.61 let M be a pseudocompact i?-module that is finitely generated as 
an abstract A-module. By Corollary 15.141 there exist positive integers N, N" that are bounded 
functions of the number of abstract generators of M such that (w^ — 1)^ annihilates fc(p)®^M 
for all prime ideals p of A. Letting / be the endomorphism of M defined by the action of (w^ — 1)^ 
on M , this is equivalent to condition (|5.8p for all prime ideals p of M. Hence Lemma [5.151 implies 
that / is nilpotent, i.e. there exists an integer N' such that (w^ — 1)^ annihilates M . This proves 
Proposition l5.6l 

5.4. Proof of Proposition 15.71 Let J, A, M and T be as in the statement of Proposition 15.71 
The main idea for proving this proposition is to use the Artin-Rees Lemma to construct the almost 
complement M' for T. This works directly if A is abelian. If A is as in Lemma ISTW iii) and r = 1, 
we first use the Artin-Rees Lemma for the case when the exponent N' in the definition of the ideal 
J is equal to 1 and then use an inductive argument in the general case. Note that J is a closed 
two-sided ideal of B by Proposition [531 so A = i?/ J is a pseudocompact A-algebra. 

Suppose first that A is as in Lemma [5.2r ii). i.e. J = and K = B = A[[A]] is commutative. 
For 1 < J < s, the action of wij on T defines an automorphism in Ani a{T) C End^(r). Since T 
is finitely generated as an abstract A- module, it follows that the same is true for EndA(7')- Hence 
there exists a monic polynomial Fj{x) G A[x] such that Fj{wij) annihilates T. Let / be the ideal in 
the commutative Noetherian ring A that is abstractly generated by Fj{wi,j) for 1 < j < s. By the 
Artin-Rees Lemma, there is an integer q» such that Tn (7''+^ • M) = / • (Tn (/'? • M)). However, 
/ annihilates T by construction, so we conclude that Tn (7''+^ • M) — {0}. Since A is commutative 
and is abstractly finitely generated, it follows that /'J+i • M is a pseudocompact A-submodule 
of M by Remark 12.31^ 1). The quotient M/{I'^^^ ■ M) is finitely generated as an abstract module 
for the ring A/I'^^^, and this ring is finitely generated as an abstract A-module, since / contains a 
monic polynomial in wij for each 1 < j < s and A/ {wi^i, . . . , is finite. Hence M/{I'^^^ ■ M) 
is finitely generated as an abstract A-module and Proposition 15.71 is proved if A is as in Lemma 
[0;ii). 

Suppose now that A is as in Lemma I5.2r iii) and r = 1. Write W2 instead of ^2.1. Then 
J ^ B ■ (wf - 1)^' for positive integers N,N' and A = B/J. Suppose first that N' = 1. Then 
J — B ■ — 1) by Lemma [5. Ill and hence A = B/ J = A[[A]], where A is the quotient of A 
by the closed normal subgroup that is topologically generated by • The conjugation action of 
Wi on the finite normal abelian subgroup ^(^2) x Ai^ /(wf ) of A gives an automorphism of finite 

order. Thus wf is in the center of A, and of A, if z > 1 is sufficiently divisible. Similarly to the 
case when A is as in Lemma [5.2f ii'). one finds an ideal / in A[[(wf)]] that is abstractly generated 
by a monic polynomial in wf such that T fl (7''+^ • M) = {0} for an integer q >> 0. Since M is 
a pseudocompact A-module and 7''+^ is generated by a single element that lies in the center of A, 
it follows that 7'?+^ • Af is a pseudocompact A-submodule of M by Remark 12.31^ 1). The quotient 
M/{I'^'^^ ■ M) is finitely generated as an abstract module for the ring A//''+^. This ring is finitely 
generated as an abstract A-module, since / contains a monic polynomial in wi , since W2 = 1 in A, 
and since Aq and Ai are finite. So M / (/'+^ • M) is finitely generated as an abstract A-module and 
Proposition 1 5 . 71 is proved if A^' = 1. 

We now suppose that A^' > 1 are arbitrary. In this case, we break the proof into several steps 
given by Lemma [5.161 Corollarv l5.17l and Lemma [5.181 below . For simplicity, let e — — 1) so 
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that J = B ■ €^ . For to > 1, define 

(5.9) M{e^) = {a e M I • a = 0}. 

Since by Proposition 15. 51 A • is a two-sided ideal of A, it follows that M(e'") is a pseudocompact 
A-submodule of M . 

Lemma 5.16. The module M is a left Noetherian A-module. If M(e) is not finitely generated as 
an abstract A-module, then there exists a non-zero pseudocompact A-submodule Y of M{e) such that 
THY ^0. 

Proof. Since M is finitely generated as an abstract A-module, where A = B/J, and B is left 
Noetherian, M must be a left Noetherian A-module. By (|5.9p . M(e) is annihilated by e. Thus M(e) 
is a pseudocompact Ai-module, where 

Ai = A/Ae = B/B ■ {w'( - 1), 

and Ti — T O M{e) is a pseudocompact Ai-submodule of M(e). Because T is finitely generated as 
an abstract ^-module, Ti is also finitely generated as an abstract A-module. By what we proved in 
the case when ' = 1 , we can therefore conclude that there is a pseudocompact A-submodule Y of 
M(e) such that TOY — TinY = {0} and AI(e)/Y is finitely generated as an abstract v4-module. 
If M(e) is not finitely generated as an abstract A-module, this forces Y to be non-zero. □ 

Corollary 5.17. There is a pseudocompact A-submodule M' of M such that T n M' = and 
(M/M'){e) is finitely generated as an abstract A-module. 

Proof. Suppose we have constructed for some integer n > a strictly increasing sequence of pseu- 
docompact A-submodules Mq C Afi C • • • C Af„ of M such that Mq = {0} and T n A/„ = {0}. If 
{M/Mn){e) is finitely generated as an abstract A-module, then we let AI' — Mn and we are done. 
Otherwise, observe that T injects into A'//M„. We can apply Lemma [5. 161 to this inclusion and to 
the module M/Mn to conclude that there a non-zero pseudocompact A-submodule Y of {M/Mn){e) 
such that T OY — 0. The inverse image of Y in M is a pseudocompact A-submodule M„_|_i which 
properly contains and for which T n M^+i — {0}. Since M is left Noetherian by Lemma [5. 161 
the process stops at some n, meaning that (Af/Af„)(e) is finitely generated as an abstract A-module, 
and we can let M' = M^. □ 

Lemma 5.18. If M{e) is finitely generated as an abstract A-module, then M is finitely generated 
as an abstract A-module. 

Proof. We show this by proving by increasing induction on to that M{e"^) is finitely generated as 
an abstract A-module for all to > 1. When to = 1, this statement holds by assumption. Suppose 
now that it is true for some to > 1. We have an exact sequence of A- modules 

M(e) ^ M(e"+i) ^ A/(e™) 

in which the A-Hnear map Af(e™+i) M(e™) is multipHcation by e. Since M{e) and M(e") 
are finitely generated as abstract A-modules by induction, this proves that M(e'"+^) is finitely 
generated as an abstract A-modulc. Since = in A, we conclude that M{e^ ) = AI is finitely 
generated as an abstract A-module. □ 

5.5. Proof of Proposition 15.81 As in the statement of Proposition [5?8l let be a pseudocompact 
left Noetherian ring and let P* be a complex in (fi) whose terms are free and finitely generated 
as abstract J7-modules such that = for i > 0. For i < 0, assume that li is a closed two-sided 
ideal in fl that annihilates II'(P*) such that Ji = li ■ /i+i ■ ■ ■ Ii • /q is free and finitely generated 
as an abstract left fi-module. We need to prove that P* is isomorphic in D^{Vl) to a complex Q' 
such that = for i > and is annihilated by J; for i <Q. We will prove this by constructing 
Q' inductively from right to left. 

Let J < be an integer. Suppose by induction that Q^^ is a complex which is isomorphic to 
P* in 13^ (il) with the following properties. The terms are zero for i > Q and free and finitely 
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generated as abstract f7-niodules for i < j. Also, for j + 1 < i < 0, is annihilated by Ji and is 
finitely generated as an abstract fi-module. We can certainly construct such a complex Q-^^ when 
j = since then we can simply let Q^" = P' . 

Claim 1: The complex Q^^ is isomorphic in D^{^) to a complex such that Q\ — for i > j, 
Q\ is annihilated by Jj and Q\ is finitely generated as an abstract r2-modulc for i < j. 

Proof of Claim 1. The differential : Q-'^^ of Q^^ induces an exact sequence of pseudocom- 

pact r2-modules 



(5.10) 0' 



^ ZJ(Q>J) IT 

^ BJ(Q>J) BJ(Q>J) 
II 

H-'(Q>J) 

Since W{Q-^^) — W{P*) has been assumed to be annihilated by Ij and Q^^^ is annihilated 
by Jj+i = Ij+iIj+2 ■ ■ ■ Iq by induction, (|5.10[) shows that Q^/W{Q^^) is annihilated by Jj — 
■ ■ ■ Iq)- Hence Jj lies in B^((5>^) and we obtain a short exact sequence of pseudocompact 
0-modules 

(5.11) ^ Z^-\Q>') ^ iS'-Y\Ji Q') ^ Q' 0. 

Since, by assumption, Jj is a two-sided ideal which is free and finitely generated as an abstract 
left r2-module and since, by induction, is free and finitely generated as an abstract f2-module, 
Jj is also free and finitely generated as an abstract fi-module. By Remark I2.3f i). Jj is a 
pseudocompact r^-submodule of . By Remark l^^T iii) , Jj is a topologically free pseudocompact 
il-module. Thus there is a homomorphism s : Jj {6^~^)~^{Jj Q^) of pseudocompact fl- 

modules such that d^~^ o s is the identity on JjQK In particular, s(JjQ^) is a pseudocompact 
f2-submodule of {6^~^)^^{Jj Q^), and hence of Q-'~^, such that 

(5.12) s{J,Q^)nZ^-\Q>^)={0}. 

The restriction of the differential 6^^^ : Q^^^ to s{Jj Q^) is therefore injective. This implies 

that we have an exact sequence in (il) 

O^Q'^ ^ -> 

in which is the two-term complex s{Jj Q^) > Jj concentrated in degrees j — 1 and j, 

and the morphism Q^^ — > Q' results from the natural inclusions of these terms into Q^^^ and , 
respectively. Since Q* is acyclic, Q''^ — > Q* is a quasi-isomorphism. The terms Q\ are equal to 
for i > j, and if i = j then Q{ — / Jj ■ Moreover, since all terms of Q^^ are finitely generated 
as abstract 17- modules, the same is true for Q'. This proves claim 1. 

Claim 2: Let Qf^'' be the truncation of Ql which results by setting to all terms in degrees 

> j — There is a quasi-isomorphism p : i-^-'"^) Qf^'' in C~{rt), where L-'^-'"^^ is a bounded 
above complex of pseudocompact il-modules that are free and finitely generated as abstract f2- 
modules and = for i > j. Moreover, p^^^ : is surjective. 

Proof of Claim 2 . This immediately follows from Remark 15.101 

Claim 3: The complex Q* from claim 1 is isomorphic in D^{ri) to a complex T* such that the 
terms T* are zero for i > and free and finitely generated as abstract fJ-modules for i < j — 1. 
Also, for J < j < 0, is annihilated by Ji and is finitely generated as an abstract il-module. 

Proof of Claim 3. We use the complex L-^^~^^ and the quasi-isomorphism p : L-^^^^^ Qf^'' 
from claim 2 to prove this. Define T' to be the complex with terms 

(5.13) T' = Q\ for i > j and T = V for i < j - I. 
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Let the differentials be given by 



(5.14) 
Define r ; T* 
(5.15) 



for i>j, Sj.'^ = rf^/ 
Q\ to be the map such that 

= identity on Q\ for i > j 



o fy 



and 



dlj, = d\ for i < j - 2. 



and 



for « < J — 1. 



We claim that r is a quasi-isomorphism in C^(r2). 

It follows from the definition of T* and r in (|5.13p . (|5.14p and (|5.15p that t is a homomorphism 
in C^(ri). Since t^^^ = p^^^ is sm^jective by claim 2, it follows from (|5.14p that 

(5.16) B^(T-) ^ dif\T^-') = di^-\Qi-') = B^(QI). 

Thus the definition of r : T* ^ Q' in (15. 15^ . together with claim 2, show that r induces an 
isomorphism W{T') H*(Q*) for i < j — 2 and for i > j. So the only issue is the case i ^ j — 1. 
We have a commutative diagram with exact rows 



(5.17) 



HJ-i(r') 
II 

ZJ-i(T*) 
BJ-i(T*) 



HJ-i(i<0-i)) 



BJ-i(T') 



z^'^(g?) 
BJ-i(g-) 



ff-i(Qt) 



B^-i(QI) 

II 



The rightmost vertical homomorphism in (j5.17p . which is induced by t-', is an isomorphism by 
(|5.16[) . The middle vertical homomorphism in (|5.17[) . which is induced by t^~^ — p^^^, is equal to 
the isomorphism W~^{p) : W~^{L-'^^^^^) — > W~^{Qf^-'^^''). So the left vertical homomorphism 
H-'^^(t) in (|5.17p must be an isomorphism by the five lemma. This proves claim 3. 

It follows from claims 1 and 3 that we can let Q^'-'^^^ — T'. Thus we proceed by descending 
induction to construct a bounded above complex Q* which is isomorphic to P* in Z3~(il) such that 
Q* = for « > and is annihilated by Ji for i < 0. This proves Proposition 15.81 



5.6. Proof of Proposition 15791 Let M be a pseudocompact _B-module that is finitely generated 
as an abstract A-module, as in the statement of ProDOsition l5.9l The key to proving this proposition 
is to use the Weierstrass preparation theorem in a suitable power series algebra over A to construct 
a pseudocompact S-module F that is free and finitely generated as an abstract A-module together 
with a surjective homomorphism F —>■ M of pseudocompact i?-modules. 

Suppose first that A is as in Lemma r5.2f ii). i.e. A ~ x Q x Q' . For 1 < j < s, the action 
of wij on M defines an automorphism in A\itA{M) C EndA(Af). Since M is finitely generated 
as an abstract A- module, the same is true for Endyi(Af). Hence there exists a monic polynomial 
gj{x) e A[x] such that gj{wi,j) annihilates M for all j. Let / be the ideal in B that is abstractly 
generated by gjiwij) for 1 < j < s. Then / is a closed ideal of B by Remark l2.3r iV For I < j < s, 
let xij- = wij — 1, so that ^[[(wi^i, . . . , = A[[a;i^i, . . . , xi.s]]. We can rewrite the polynomials 

gj{wij) as monic polynomials fj{xij) in xij with coefficients in A. By the Weierstrass preparation 
theorem, one has fj{xij) — hj{xij) ■Uj{xij), where hj{x) is a monic polynomial in A[x\ whose non- 
leading coefficients lie in the maximal ideal of A and Uj{x) is a unit power series in A[[a:]]. Since xij 
lies in every maximal ideal of _B and Uj{xij) has invertible image in B / B-xi_j, it follows that Uj{xij) 
is a unit in B. Hence hj{xij) annihilates M for all j. Let Bf^^,,,j^ — A[[xi_i, ■ ■ ■ , xi^s]]/ Ihi,...,hsy 
where Ihi,...,hs is the ideal in . . . , xi^s]] generated by hij{xij) for 1 < j < s. Then Bf^^,,,j_, 

is free and finitely generated as an abstract A-module. The ring D = B/I is isomorphic to the 
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group ring Bf-^ /s [Q ^ Q']^ which impUes that D is free and finitely generated as an abstract 

A-module. Since, as noted above, / is a closed ideal in B and D — B/I, it follows that D is 
a pseudocompact A-algebra that is a pseudocompact _B-module. Because M is a pseudocompact 
D-module that is finitely generated as an abstract A-module, there is a surjective homomorphism 
^^^i D —* M of pseudocompact D-modulcs for some finite number z. Since this homomorphism 
is also a homomorphism of pseudocompact -B-modules, this proves Proposition 15.91 if A is as in 
Lemma 15.2^ 1). 

Suppose now that A is as in Lemma l5.2r iii) and r — 1. Write W2 instead of W2^i. Let A be the 

subgroup of A that is topologically generated by wi — ^ and by W2- Then A has finite index 
d I All in A. Let B = A[[A]]. Suppose we prove that there is a pseudocompact B-module F that is 
free and finitely generated as an abstract A-module and a surjective homomorphism cp : F ^ M of 
pseudocompact i?- modules. Then the induced module F = Ind^(F) is a pseudocompact _B-module 
that is free and finitely generated as an abstract A-module and (p induces a surjective homomorphism 
ip : F ^ AI oi pseudocompact _B-modules. Hence we are reduced to proving Proposition [STU for A. 

By Proposition 15.61 and Lemma 15.111 there exist integers s > and A^' > 1 such that — 
1)^' . M = {0}. By lEM, the left ideal J ^ B ■ - 1)^' is a two-sided ideal in B. Moreover, it 
is closed in B by Remark l2.3r i). Let xi — wi — 1, so that A[[a;i]] = yl[[(u'i)]], and define 

Aj = A[[(w2)]]/ ((< - 1)^') . 

Since — 1)^ is a monic polynomial in {w2 — 1) whose non-leading coefficients lie in the maximal 
ideal of A, Aj is free and finitely generated as an abstract A-module. Every element in D — B/J 
can be written in a unique way as a convergent power series 

oo 

(5.18) aix\, where each lies in Aj. 

4=0 

Moreover, any choice of a; G Aj, for all i > 0, defines an element in D. 

Using the Weierstrass preparation theorem in A[[a:i]] = and arguing similarly to the 

case when A is as in Lemma l5.2f ii). it follows that there exists a monic polynomial 

f^{x) = x" + &„_ix"-i + ... + boe A[x] 

whose non-leading coeffcients are in the maximal ideal niA of A such that fi{xi) annihilates M. 

Let D ■ fi{xi) be the left ideal in D that is generated by fi{xi). Consider the natural surjective 
A-module homomorphism 

n-l 

/3: ^Ajx\--.D/{D-h{x,)) 

i=0 

which sends J2"^q aix\ to the corresponding residue class of J27=o '^i^i modulo D ■ fi{xi). We 
claim that (3 is injective. Suppose there exists an element t = X^i^o ^ such that 

(5.19) t ■ h{xi) = (ao + aixi + ■■■+ a^x\ + •••)• (a;^ + bn-ix'l'^ + • • • + 6o) 

lies in ®"^o^ -^j^i- Since the ai lie in Aj and the hj lie in niA C A, the bj commute with the a^. 
Since all the bj lie in tua, we see that all the Oi lie in niA ■ Aj. Iterating this process, it follows, using 
induction, that all the ai lie in {ruAY ■ Aj for all c > 1. This means that all the have to be zero. 
Thus (3 is injective, which implies that D/{D ■ fi{xi)) = 0"Jo^ ^j^i abstract A-modules. Since 
we have already noted that Aj is free and finitely generated as an abstract A-module, it follows that 
D/{D ■ fi{xi)) is free and finitely generated as an abstract A-module. By Remark l2.3r i). it follows 
that D /{D- fi{xi)) is a pseudocompact I?-module, and hence, since D — B/J, also a pseudocompact 
B-module. Because M is a pseudocompact _D-module that is finitely generated as an abstract A- 
module, there is a surjective homomorphism ®^^i D — > M of pseudocompact D-modules for some 
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finite number z. Since this homomorphism is also a homomorphism of pseudocompact _B-modules, 
this proves Proposition 15.91 if A is as in Lemma [??^ iii) and r = 1. 

5.7. The case r > 1 for A as in Lemma I5.2l (iii^. In this section, we complete the proof of 
Theorem 15.11 bv considering the case when A is as in Lemma I5.2f iii) and r > 1. As before, let 
B = A[[A]]. We make the following adjustments to Propositions 15.51 - 15.91 



In Proposition 15. 5[ we consider ideals of the form Jj = B ■ (w^j — 1)^^ for positive integers 
Nj,Nj for all 1 < j < r and define J(j) — Ji + • • • + Jj. As in Lemma 15.111 it follows that 

Jj ^ B ■ j - 1)^^ where p"^ is the maximal power of p dividing Nj . Using (|5.5p and Remark 
I2.3r i). we see that Jq) is a closed two-sided ideal in B. Hence the quotient ring Bj = B/Jfj-^ is a 
pseudocompact A-algebra. Letting Jj — -Bj-i • (w^j — 1)^^ in -Bj-i, where we set Bq = B, we 
similarly see that Jj = -Bj-i • (it'f j — 1)^^ is a closed two-sided ideal in Sj-i. The last statement to 
be shown in generalizing Proposition l5.5l is that Jj is a topologically free rank one left _Bj_i-module 
and a topologically free rank one right -Bj_i-module. 

To show this last statement, we use a suitable cofinal system of closed normal finite index 
subgroups of A to prove the following. Every element of Bj-i can be written in a unique way as a 
convergent power series 

(5.20) J2 ^u,a,i,b,,c„...,c. a^Wi -ird n iw2,^ - 1)^0 ^^j^^J " 1)'^ 



(5.21) l^resp. ^ uju,a,i,b„c„...,c^ (u'g - l^w^^^^ |^ (^2,. - 1)^' j C (^^'i - 1)"^ 

in which the sum ranges over all tuples (u, a, ^, 6j, Cj, . . . ,Cr) with 0<u<d~l, a>0, ^€ Ai, 
< 6j < p"^ - 1 and Cj, . . . , > 0, and each Zu,a,i,bj,cj,...,c^ (resp. uJu,a,i,bj,cj,...,c,.) lies in 

= A[[{w2,i, ^2,,-i)]]/ ((<; - i)^v . . , («^g:; - 1)^-^) . 

Moreover, any choice of Zu,a,(,bj,cj,...,cr (resp. Ldu,a,(,,bj.cj....,cr) in defines an element in Bj-i. 

In Proposition l5.6[ let Af be a pseudocompact B-module that is finitely generated as an abstract 
A- module. Using the same arguments as in the case when r = 1, it follows that for each 1 < j < r, 
there exist positive integers Nj, Nj such that (w^j — 1)^^ • AT — {0}. 

In Proposition [5?7l we replace in part (ii) the ideal J by an ideal of the form J = Ji + • • • -I- J^, 
where for 1 < j < r, Jj = B ■ {w2j — 1)^-' for certain integers Nj,N'- > 1. Then, as before, 

Jj = B ■ {w2j — 1)^^ , where p'^j is the maximal power of p dividing Nj, and J is a closed two-sided 
ideal in B. Suppose AI is a pseudocompact module for A ^ B/J that is finitely generated as an 
abstract A-module and T is a pseudocompact A-submodule of M that is finitely generated as an 
abstract A-module. We need to prove the existence of a pseudocompact A-submodule M' of M 
such that M' n T = {0} and M/M' is finitely generated as an abstract A-module. 

To prove this statement, we proceed as for r = 1 and first consider the case when Nj ~ 1 for 
all I < j < r. In this case, A = B / J = A[[A]], where A is the quotient of A by the closed normal 
subgroup that is topologically generated by vj^J for 1 < j < r. Using similar arguments as in the 
case when r = 1, we find a pseudocompact A-submodule Af of M having the desired properties if 
N'j = 1 for all 1 < j < r. For arbitrary iVj, we replace M(e'") in ([O]) by 

(5.22) M(e5"\ . . . , e;"") = {a e Af | e"^ • a = for 1 < j < r} 

for mi, . . . , rrir > 1, and prove analogous statements to the ones in Lemma l5.16[ CoroUarv 15 . 1 71 and 
Lemma [SH] to find A/'. 
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Proposition 15.81 stays the same as before. To prove Proposition 15.91 for r > 1, we let A be the 
subgroup of A that is topologically generated by Wi and by W2j for 1 < j < r. Then A has finite 
index d|Ai| in A. One argues as in the case when r = 1, that it is enough to prove Proposition 
15.91 for B = A[[A]]. By Proposition 15.61 and Lemma [5.111 there exist integers Sj > and iVj > 1 
such that {w^^'j - l)^i • M = {0} for I < j < r. Using (H^D and Remark d^Ji) , it foUows that 
J = Ji + • • • + Jr is a closed two-sided ideal in B, where Jj = B ■ {w^'j — 1)^^ . Define 

Aj = ■ • ■ ,^2..)]]/ (Ki - 1)^V . . , {wt - 1)<) . 

Then Aj is free and finitely generated as an abstract A- module, and every element in D = B / J 
can be written in a unique way as a convergent power series as in (|5.18p . We can now proceed using 
the same arguments as in the case when r = 1 to complete the proof for the case when r > 1. 

The proof of Theorem 15.11 in the case when G is replaced by A as in Lemma I5.2( iii) and r > 1 
follows the same three steps as in the case when r = 1. 

In the proof of step 1, we need to use an inductive argument as follows. As in the case when 
r = 1, suppose P* has properties (i), (ii) and (iii) of Theorem l2.10l and suppose that n2 — 0, so that 

= if i > 0. Since H'(P*) = if i < rii, P* is isomorphic in D^{B) to the complex P* which is 
obtained from P* by replacing P"i by P"i /B"i (P*) and P^ by for i < ni. Define J(o) {0} and 
Po = B/J(Qy Assume by induction that for I < j < r, P* is isomorphic in D^{B) to a complex 
Pj-i such that Pj_i = if i > or I < ni and such that if ni < i < then Pj_i is annihilated by 
a closed two-sided ideal J(j-i) = Ji + ■ ■ ■ + Jj~i, where for 1 < t < j — 1, Jf = P • (lu^j — 1)^*' for 
certain integers Nt, Nj. > 1. Let Pj-i = P/J(j_i) and view P,*_i as a complex in D~ (Bj-i). Using 
the above adjustments of Propositions 15.51 - 15.81 and Remark |5.10[ we find a complex P* which is 
isomorphic to P,*_i in D~{Bj-i) such that P^' = if z > or i < ni and such that if < z < ni 
then Pj is annihilated by a closed two-sided ideal J j = Pj-i • {w2j — 1)^-' for certain integers 
Nj,N^ > 1. Note that if Jj = B ■ (w^- - l)^i and J(j) J(j_i) + Jj, then Bj = B/J^^) = B^^i/Jj 
as pseudocompact rings. Since P* can be viewed as a complex in D^{B) by infiation, it follows 
that P* is isomorphic to P'-i, and thus to P' , in D~{B). Hence step 1 follows by induction. 

Steps 2 and 3 of the proof of Theorem 15. II are proved in the same way as when r — 1, using the 
above adjustments of Propositions 15.71 and 15.91 

6. An example 

In this section, we want to revisit an example that was considered in [2] concerning the defor- 
mations of group cohomology elements. Let £ > 2 be a rational prime with I = 2> mod 4 and let 
G = Gal(Q^/Q£). Let k = Z/2 and W ~ Z2, and let M — k have trivial G-action. Because of the 
Kummer sequence 

i^{±i}^q;^q;^i 

we obtain that H^(G, M) ~ Z/2 has exactly one non-trivial element (3. Moreover, it was shown in [5] 
that the mapping cone C{P)* is isomorphic to V^*[l] for a two-term complex V* that is concentrated 
in degrees —1 and 

(6.1) V: ■■■0^k[Gh]^k[Ga]^0--- , 

where a = 6 is an element of that is not a square mod £, Ga — Ga,l{Qi{y/a) /Q^) , Gb ~ 
Gal{Qi{\/b) /Qi) and d is the augmentation map of k[Gb] composed with multiplication by 1 + Ca 
when Ga = {l,c7a}- It was also shown in [2] that the tangent space Ext]j- (^f.^[QT^^^{V' ,V') is 4- 
dimensional over k, and that the versal proflat deformation ring of V* is universal and isomorphic 
to 

P«(G, V) ^ iy[[G"'='2]]^^^[[g<ab,2jj^ 
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where G'*t>,2 (jg^otes the abehanized 2-conipletion of G. Note that the universal proflat deforniation 
ring R^{G, V) is universal with respect to isomorphism classes of quasi-lifts of V over objects R 
in C whose cohomology groups are topologically flat, and hence topologically free, pseudocompact 
i?-modules. 

We now turn to the situation when G is replaced by its maximal abelian quotient G^^. We want to 
compute the versal deformation rings of several complexes related to the above V* . The complexes 
we will consider are all inflated from the maximal pro-2 quotient G'^^'^ of C*^. By Proposition [42l 
it will suffice to determine their versal deformation rings as complexes for F = G^^'^ . 

Since i= 3 mod 4, local class field theory shows that there are topological generators wi and 1112 
for r = Ga,l{Qf'''^ /Qi) with the following properties. The element W2 has order 2 and {id,W2} = 
Gal(Q^'^'^/Q™'^) where Q™'^ is the maximal unramified pro-2 extension of . The element wi is a 
topological generator of Ga\{<Qf^''^ /Qe{V£)) — Z2, and F = (wi, W2) is isomorphic to Z2 x Z/2. Note 
that wi (resp. W2, resp. W1W2) acts trivially on the quadratic extension Qe{Vi) (resp. Qf(-\/— T), 
resp. Qi(V^)). 

As before, let M = fc = Z/2 have trivial F-action. Since (wi) = Z2 has cohomological dimension 
1, the spectral sequence 

Hf Wi{w2),M)) =^ HP+«(F, M) 

degenerates and we get a short exact sequence for all s > 1 

0^Hi((wi),ff-i((w2),M)) ^ff(F,Af) ->ff((u;2),M)<"'i> ^0. 
Since W{{w2),M) = k for all s > and H^((wi), fc) — k, we have 



H''(F,M) = 




if s = 0, 
if s > 1. 



This means that there are three non-trivial elements in H^(F, A/). Let x e {£,—1, —£} and consider 
the element hx in H^(F, {±1}) = Hom(F, {±1}) which corresponds to the augmentation sequence 

(6.2) ^ fc ^ k[Gx] k^O 

where Gx = Ga\{Qe{\/x) /Qi) ■ Inflating the cup product ha U hb for a, 6 e {£, —1, —£} to an element 
in H^(G, {±1}), it follows that ha U hi, corresponds to the Hilbcrt symbol (a, 5) € H^(G', {±1}). 
Hence hg U hg and h^ U define non-trivial elements in lP{G, {±1}), whereas hg U defines a 
trivial element in H^(G, {±1}). Since the restriction of hi U h^ to (^2) is non-trivial, whereas the 
restriction of h^ U to {W2) is trivial, hi U hi ^ h^ U h-i in H^(F,A:). It follows that hg U hi, 
hi U and hi U h-i are representatives of the three non-trivial elements in H^(F, M). We obtain 
three non-split two-term complexes V* in £)~(fc[[r]]) that are concentrated in degrees —1 and 

(6.3) : • • • ^ k[Gy\ ^ k[Gi] ^ • • • 

where y G {£,—!,—£} and d is the augmentation map followed by multiplication with the trace 
element of Gi. In particular, for y G {£, —1}, the inflation of V* to G is isomorphic to V* . 

Lemma 6.1. For y G {£,—£} {resp. y = —1), the k-dimension 0/ Ext^-^j.[jp]]-)(V"j^', y^^') is at least 
3 {resp. at least 4). 

Proof. Let y G {£,—!,—£} and consider the triangle in _D^(fc[[F]]) 

(6.4) fc* [1] ^ V; ^k' ^k' [2] 

where k' stands for the one-term complex with k concentrated in degree and Py — hi U hy is 
the non-zero element in H^(F, k) associated to V'. Using long exact Hom sequences in Z?~(fc[[F]]) 
associated to this triangle, we obtain the following diagram with exact rows and columns, where 
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Horn stands for Hom/j- (^[[r]]) and Ext stands for Ext£)-(fc[[r]]). 
(6.5) 

Ext-i(fc*[l],fc*) Hom(fc*[l],fe*[l]) Hom(fc*[l],fc*) Ext^fc* [1] ,fc* [1] ) 

II II 
Hom(fcVfc*) Ext^(fc*,fc*[l]) Exti(fcVfc*) ^ Ext^ (fe* ,fc* [1] ) 

II II 

Hom(y;,v;*) — *. Hom(y;,fc') ^ Exti(y;,fc'[i]) ^ Exti(y^vv;') ^ Exti(v;',fc') — Ext^{v' ,k'[i]) 

II I 

Hom(fc*[l],fc*) Exti(fc*[l],fc*[l]) Exti(fe*[l],fc*) 

i i 

Ext^(fc*,fc'[l]) Ext2(fc*,fc*) 

Since Ext~"^(fc*[l], fc*) = = Hom(/c'[l], fc*) in the second column of (|6.5p . it follows that the 
horizontal morphism Hom(Vy*, V*) — * Hom(V^*, k*) = k in the third row is surjective, since it sends 
the identity in Hom(T^*, V') to ay from (j6.4p . Thus the horizontal morphism in the third row 

(6.6) Exti(T/;,r[i]) ^ Ext\v;x) 

is injective. Because the vertical morphism in the third column of (|6.5p 

k ^ Honi(fc*[l],/c'[l]) ^ Exti(fc*,/c'[l]) ^ H^(r,fc) ^ fc© fc 

has cokernel of fc-dimension at least 1, it follows that dim^ Ext^(V^*, /c'[l]) is at least 1. 

The vertical morphism Ext^(fc*[l], fc*[l]) Ext^(fc*, fc*[l]) in the third column of can be 
identified with the morphism H^(r, /c) — > H'^(r, fc) that sends to U Py. Since h^i U h^i is 
inflated from an element in iP{{wi),k) and (wi) ~ Z2 has cohomological dimension 1, it follows 
that for y = —1, the vertical morphism in the third column Ext^(/c*[l], fc'[l]) — ^ Ext^(fc', fc'[l]) has 
non-trivial kernel. Hence dim^ Ext"'^(Vj^*, fc*[l]) is at least 2 if y = —1. 

In the fifth column of (|6.5[) . we have Hom(A:*[l], k*) = 0. Moreover, the vertical morphism in the 
fifth column Ext^(A:*[l], fc') = Hom(fc'[l], A:*[l]) ^ Ext^{k',k') = Hom(fc'[-l], fc'[l]) is injective, 
since it sends the identity in Ext^(A;*[l], fc') = Hom(fc'[l], A:*[l]) = A; to f3y[-l] from ([O)) . Hence the 
vertical morphism Ext"'^(fc*, k*) Ext^(yj,*, k*) is an isomorphism, which implies that 'Ext^{Vy, k*) 
has /c-dimension 2, since Ext"^(A:*, fc*) = H^(r, k) ^ k(B k. 

The vertical morphism Ext^(fc'[l], A:*[l]) — > Ext^ {k* , k* [1]) in the sixth column and the horizontal 
morphism Ext^(A:*, k*) Ext^(fc*, A:*[l]) in the second row of (|6.5p can both be identified with the 
morphism H^(r, k) H'^(r, k) that sends to h^U f3y. Hence the composition of morphisms 

Ext^(fc',A:*) ^ Ext2(fc',A:*[l]) ^ Ext^ (Vy' , k' [1]) 

in the second row and sixth column of (|6.5p is the zero morphism. Thus the horizontal morphism 
in the third row 

(6.7) Ext\Vy',Vy') ^ Ext\Vy',k') 

is surjective. Using (|6.6p and (|6.7p and our discussion of the /c-dimensions of Ext^(yj^*, fc'[l]) and 
Ext^(Vy',/c*), LemmaOfoUows. □ 

Theorem 6.2. For y G {£,—!,—£}, the versal deformation ring R(T,Vy) and the versal proflat 
deformation ring R^{T,Vy) have the following isomorphism types: 

i?(r, v;) ^ w[[ti,t2,t3]]/{tM^ + 1^)) and i?«(r, v;) ^ w[[t,,t2, t3]]/(i3(2 + 1^)), 

R{T,V1,) ^ i?«(r,Vl%) ^ M/[[ti,t2,t3]]/(i3(2 + t3)), 

R(T, y*i) = i?fl(r, Vl'i) ^ W[[ti,t2,t3,t^]]/{t2i2 + i2), ^4(2 + 2t2 - t^ti)). 
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Proof. We first give an outline of the proof. We will show that every quasi-lift of V* over a ring A 

in C can be represented by a two-term complex P' : P^^ --^ P", concentrated in degrees —1 and 0, 
in which P~^ and are pseudocompact A[[r]]-modules that are free of rank two over A. We will 
show further that the action of the topological generators wi and W2 of F on P^^ and P", as well as 
the differential dp, are described by 2 x 2 matrices over A whose entries satisfy certain equations. 
We construct a candidate for the versal deformation ring i?(r, V') by taking the completion of the 
ring obtained by adjoining to W indeterminates corresponding to these matrix entries which are 
required to satisfy the above equations. We prove that R{T, V') is the versal deformation ring 
by showing that each P* as above is a specialization of the resulting quasi-lift {U{r, Vy),4>u) over 
R{T, Vy) and by showing that the tangent space of P(r, V*) has the correct dimension. The last 
step uses Lemma l6. II 

Let y G -1, -i}. Let A be in (5 and let (L*, (j)L) be a quasi-lift of V' over A. Since B°{V') = k, 
it follows that H°(L*) is a quotient of A. By Theorem 12.101 and Remark |2.8[ we can thus assume 
that L' is a two-term complex, concentrated in degrees —1 and 0, 

L* : •••O^P-I ^ A[[r]] ^O--- 
where L^^ is topologically free over A, and such that we have an exact sequence in C^(j4[[r]]) 

(6.8) ^ H-i(L*) ^ L-^ ^ A[[T]] H°(L') ^ 0. 

Since H*'(i*) is a quotient of A, wi (resp. W2) acts on H"(i*) as a scalar si (resp. §2) in A*. 

Claim 1: The quasi-lift {L*,(Pl) of V' over A is isomorphic to a quasi-lift {P*,(pp), where P* is a 
two-term complex, concentrated in degrees —1 and 0, 

(6.9) P* : • • -0 ^ P-I ^ P" 0- • • 

and P~^ and P° are free over A of rank 2. Moreover, P" 5^ A(u'2), and with respect to the A-basis 
{1,W2}, Wi (resp. W2) acts on P*^ as the matrix 

(6.10) W.^pa = ° ^ (^resp. VF2,po - ( J J 

Proof of Claim 1. Because wi acts on H°(L*) as the scalar si, (wi — si) annihilates H°(_L*). Since 
A[[r]](uii — si) is a free rank one pseudocompact A[[r]]-module that is a submodule of ^[[F]], there 
exists a free rank one pseudocompact A[[r]]-module F that is a submodule of L^^ such that cIl 
maps F isomorphically onto A[[r]](?x;i — si). Hence the exact sequence (|6.8|) leads to an exact 
sequence in C~(A[[r]]) 

(6.11) ^H-i(P*) ^p-i ^po ^H°(L*) ^0 

L-i/P A[[r]]M[[r]](z«i-si) 

where P*^ = ^(u;2) and acts on P" as multiplication by si. Since W2 has order 2, P*^ is free over 
A of rank 2. Moreover, L* is quasi-isomorphic to the two-term complex P* as in (|6.9p . where P~^, 
P" and dp are as in (|6.1ip . Since L', and hence P*, has finite pseudocompact ^-tor dimension at 
— 1, P^^ is topologically flat, and hence topologically free, over A. Since U^aP* must be isomorphic 
to Vy in Z?^(fc[[r]]), we have an exact sequence in C^(fc[[r]]) 

H-i(fc(g)AP') ^ k®AP~^ '^^^k^AP" *- HO(fc(i)AP') ^ 



which means, since k^AP^ — k'^, that k®AP^^ has fc-dimension 2. Because A is commutative local, 
it follows by Nakayama's Lemma that P~^ is free over A of rank 2. The remaining statements of 
claim 1 now follow. 
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Claim 2: There is an element X E A which divides (1 — 33) such that H"(i*) = A/{X) and 
H~^(L*) = Ann^(A). Let P* be as in claim 1. There exists an ^-basis {zi,Z2 } of such that 
with respect to this basis and the A-basis {1,W2} of dp : P^^ P° is given by the matrix 



(6.12) Dp = 

when we write basis vectors as column vectors 



— S2 A 
1 



Proof of Claim 2. Let K'^ be the kernel of the morphism fi : P'^ ^ H''(L') in (|6.1ip . Because 11)2 
acts on H°(L*) as the scalar S2 G A*, K'^ contains the element —S2 • 1 + 1 • W2 = (— S2, 1) which 
generates a free rank one A-submodule of P". Since K° is an A[[r]]-submodule of P°, we also have 
that 

W2 ■ (-S2, 1) = (1, -S2) = -S2(-.S2, 1) + (1 - slO) 

is an element of if", and thus (1 — S2,0) G . On the other hand, k®AK^ has fc-dimension at 
most 2, since is a homoniorphic image of P~^. Hence K'^ is generated by one or two elements, 
depending on whether H*'(L*) is flat over A or not. If (c, d) is an arbitrary element in if*^, then 

(c, d)=d - (-S2, 1) + (c + ds2, 0), 

and hence is generated by (— S2, 1) and an element of the form (A, 0) such that A divides (1 — ^2). 
It follows that H"(L') ^ A/(A) and W{L*) ^ {0}. In particular, H0(L*) is flat over A if and only 
if A = 0, in which case we must have 1 — S2 = 0. Since the image of dp in (|6.1ip must be equal to 
K'^ and since (— S2, 1) generates a free A-module of rank 1, we can lift (— S2, 1) to a basis element 
zi of P^^. If A = 0, then H~^(L*) = Ker(dp) = A as A-modules, and we choose Z2 to be a basis 
element of P^^ which lies in Ker((ip). If A 9^ 0, then is generated as A-module by (— S2, 1) and 
(A, 0), and we let Z2 be a preimage under dp of (A,0). Since (A,0) is not an A-multiple of (— .S2, 1) 

if A 7^ 0, the homomorphism A;(g)^P~^ U^aK^ induced by the surjection P^^ --^ must be 
an isomorphism of two-dimensional A;- vector spaces. It follows that {zi,Z2} is an A-basis of P~^ 
for all A. The remaining statements of claim 2 now follow. 

Claim 3: Assuming the notation of claims 1 and 2, the quasi-lift (P*, <j)p) of V' over A is a proflat 
quasi-lift if and only if A = 0. Moreover, (A) = (1 — 53), and if A 7^ then y — £■ 

Proof of Claim 3. The first statement immediately follows from claim 2. Additionally, if A = then 
1 — S2 = 0. Suppose now that A 7^ 0. In particular, A is not a unit since H°(i*) = A/{X) is not 0. 
Then 1 — s| = At2 for some t2 £ A, and X° is generated as A-module by (— S2, 1) and (A,0). The 
action of wi on K'^ is given by the scalar matrix si. The action of W2 on P° sends (— S2, 1) to 

(1, -S2) = -S2(-S2, !) + (!- si 0) = -S2(-S2, 1) + t2(A, 0) 

and (A, 0) to 

(0,A) = A(-S2,1) + S2(A,0). 

To obtain the action of W2 on P~^, we recall that the A-basis {zi, Z2} of P~^ in claim 2 was chosen 
such that dp{zi) = (— S2, 1) and dp{z2) = (A, 0). Hence the kernel of dp is given by AnnA(A) • Z2. 
This means that the action of wi (resp. W2) on P^^ has the form 

(6.13) ( ^ ] fresp. ( ^ 

\ Xi Si+yi J \ \ t2+X2 S2+ 2/2 

for certain elements Xi,yi, X2,y2 € Annyi(A). If t2 were not a unit, then wi and W2 would both 
act trivially on k(E)AP~^- Hence k®AP* would correspond to the cup product of hi with the 
trivial character hi which defines the trivial element in H^(r, {±1}). This is a contradiction to 
k®AP* = Vy in D~(fc[[r]]). Thus ^2 must be a unit, which implies (A) = (1 - si). But then the 
action of wi (resp. W2) on k^AP~^ is trivial (resp. non-trivial). Hence k^AP* corresponds to the 
cup product hiU hi. This proves claim 3. 
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Claim 4: Every isomorphism in Hom£)-(fc[[r]])(T^*, V*) is represented by a diagram in C (fc[[r]]) 




for quasi- isomorphisms /i , /2 ■ 

Proof of Claim 4. We prove this claim by constructing in several steps suitable complexes Y' such 
that every isomorphism in Hom£,-(j.[[p]])(yj^*, V') is represented by a diagram in C'~(fc[[r]]) 

(6.14) Y' 




where gi and g2 are quasi-isomorphisms. We first let Y' be a bounded above complex of topologically 
free pseudocompact fc[[r]]-modulcs such that there is a quasi-isomorphism f : Y' ^ V' in (fc[[r]]) 
that is surjective on terms. Without loss of generality we can assume that y = for i > and 
Y'^ = fc[[r]]. Then every homomorphism in Hom£)-(;j[[p]])(y*, V^*) is given by a homomorphism 
in Hom.K-(k[[r]]){Y* ,Vy) (see e.g. pHl Prop. 1.4 of Chap. 2 §1]). Hence every isomorphism in 
Hom£i-(j^^[[r]])(^y 7 is represented by a diagram (|6.14p in C^(/c[[r]]) where gi — f and 32 is 
a quasi-isomorphism. Since W(Y*) = unless i £ {—1,0} and since V* is a two-term complex 
concentrated in degrees —1 and 0, it follows that 171 and 172 factor through the complex obtained 
from Y* by replacing Y~^ by Y~^ /B^^{Y*) and Y'^ by for i < —2. Hence we can assume that Y* 
in (|6.14p is a two-term complex concentrated in degrees -1 and 0, with Y° = k[[r]] and differential 
dy : r-i ^ yo. Then for j e {1,2}, g, = {g-\g°} where gp : F"^ ^ for i e {0,1}. 
Because wi acts trivially on H°(F*) = y°/B°(y*), wi — 1 lies in the image of dy- Using the snake 
lemma, we see that for j e {1,2}, there is a unique element qj in Y^^ such that qj lies in KeT{gJ^) 
and dY{qj) = wi — 1. It follows that gj factors through the quotient complex Z* = Y' /U' where 

[/; : k[[T]]q.j ^ k[[T]]{wi - 1) for j G {1,2} and t/' is acyclic since fc[[r]](wi - 1) is a free rank 
one pseudocompact A;[[r]]-module. Using that and Z* are quasi-isomorphic to V* and that 
/c = Z/2, we can use similar arguments to the ones used to prove (|6.10p . (|6.12p and (|6.13p to show 
the following. There are fc-bases for the terms of .Z*, Z' and V* such that, if we express the actions 
of wi and W2 on these terms and the differentials between them as matrices with respect to these 
bases, then Z^ = Z^ = V' in C~{k[[T]]). This proves claim 4. 

Claim 5: Assuming the notation of claims 1 and 2, suppose W2 acts non-trivially on k®AP~^- Then 
{zi,W2 • zi\ is an A-basis of and with respect to this basis, wi (resp. W2) acts on P^^ as the 
matrix 

(6.15) (: 1) (resp. H^2,P-. ^ ( ; J )) 
where a,h £ A satisfy 

(6.16) — S1S2 = — S2a + 6, 

si = — S2^ + a- 

In particular, either a £ A* and 6 G mA, or a G and b £ A* . Moreover, with respect to the 
v4-basis {zi, W2 • zi] of P~^ and the A-basis {1, W2} of P'', dp : P^^ P° is given by the matrix 

(6.17) Dp = 
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Proof of Claim 5. Since by assumption W2 acts non-trivially on k'^AP^^, it follows that l(^zi and 
W2 ■ {liS)Zi) = l^{w2 ■ zi) form a fc-basis of fc(g)^P~^. Since is a commutative local ring, this 
implies that {zi,W2 ■ zi} is an A-basis of P~^. The remaining statements of claim 5 now follow. 

We next go through the different cases for y. 

Case y — £. Given an arbitrary quasi-lift of V* over a ring A in C, we can assume this quasi-lift 
is given by (P*, (pp) as in claim 1. The complex k^AP* defines hiU hi E H^(r, fc), and it follows 
from claim 1 that hiU hi — heU h' , where h' S H"'^(r, k) is the class of ^ A: ^ k^AP~^ ^ k 0. 
Hence hg U hi = hi U h' implies h' = hi. So wi (resp. W2) acts trivially (resp. non-trivially) on 
k^AP^^- Hence claim 5 applies, and additionally, a E A* and b E niA in view of (|6.15p . The two 
conditions (j6.16p are equivalent to the two conditions 

(6.18) b = 82(0 -si), 

= ia-s,){l^sj). 

Since these are the only conditions needed to ensure that P* defines a quasi-lift of V/ over A, we 
obtain the following: For all si, S2, a E A* with (a — si)(l — Sj) = 0, there is a two-term complex 

( r ) 

(6.19) Q' : Q-'^^A®A^ Ua®A^Q° 

where wi (resp. W2) acts on as the matrix Wi po (resp. W2^po) from (|6.10p . and wi (resp. W2) 
acts on Q^^ as the matrix 

Moreover, for all choices of si, S2, a as above, k(^AQ' is equal to the same complex Z'. By choosing 
suitable fc-bases for the terms of , we see that Vj,* = ZJ in C^(fc[[r]]). Thus for each choice of 
isomorphism 0£ : V^* ^ VI in D~(fc[[r]]), we obtain a quasi-lift {Q',(j)i). 

Suppose (l)e,(j)'g : Z' = V* ^ V* are isomorphisms in D~(fc[[r]]). We claim that {Q',(j)i) is 
isomorphic to {Q* as quasi-lifts of over A. 

By claim 4, it is enough to show that every quasi-isomorphism (p : Z* = k^AQ' k®AQ' — Z* 
in C~(fc[[r]]) can be hfted to a quasi-isomorphism / : Q* ^ Q* in C~(A[[r]]). Suppose (p : Z* ^ Z* 
is given by : Z'g^ ZJ^ and (/)° : Z° ^ Since and 0° commute with the actions of W2 
on Z'^^ and Z^, respectively, and since they induce isomorphisms on the cohomology groups of Z*, 

it follows that each of them is equal to cither the 2x2 identity matrix or the matrix 

Lifting (resp. 1) in fc to (resp. 1) in A, we obtain 2x2 matrices f~^ and /° which lift (fr^ and 
(/)°, respectively. Because of the description of Q* given by ()6.19p . (lO.lOp and (j6.20p . we see that 
f~^ and /° define a quasi-isomorphism / : Q* — > Q* in C^(A[[r]]), proving the claim. 

Let Si = VF[[ii,t2,t3]]/(t2i3(i3 + 2)). We obtain a two-term complex V in C~(54[r]]) from 
Q' by replacing A by Si^ si by 1 -I- ii, a — s\ by ^2 and S2 by 1 -I- ^3 in (|6.19p . in (|6.10p and in 
()6.20p . Let if>u : k®AV* = Z* ^ V* he a. fixed isomorphism in Z?~(fc[[r]]). Given a quasi-lift of V* 
over A which is isomorphic to {Q* , 4>q) for Q' as above, it follows that the morphism a : Si ^ A 
with a{ti) — si — I, a{t2) — a — si and 0(^3) = S2 — 1 is a morphism in C such that (Q*, c/jq) is 
isomorphic to (A(E)Si,.aU' , (f>u) as quasi-lifts of V* over A. Because max(5f)/(max^(S'£) -I- 2Si) has 
fc-dimension 3, it follows from Lemma |6. II that Se is the versal deformation ring of V* . 

For proflat quasi-lifts of V' over a ring A in C, the only additional condition is = 1 by claim 
3. It follows that the versal proflat deformation ring of V' is isomorphic to 

Si/iii + hf - 1) - W[[hMM]]/{h{h + 2)). 

Case y = This case is proved using similar arguments to the case when y = £ and using that 
every quasi-lift of V'f^ is proflat by claim 3. 
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Case y = —1. Given an arbitrary quasi- lift of V*i over a ring A inC, we can assume this quasi- hft 
is given by {P*,(f>p) as in claims 1 and 2. By claim 3, (P*, (j)p) is a proflat quasi-lift of V'l over A. 
Hence A = which is equivalent to S2 = 1- Since k'^AP* defines hiUh^i e ^(r, fc), it follows that 
Wi (resp. W2) acts non-trivially (resp. trivially) on k(^AP^^- Hence we cannot use claim 5. Using 
the A-basis {1, ^2} of and the A-basis {zi^z^} of P^^ from claims 1 and 2, the differential dp is 
given by the matrix Dp in (|6.12p with A = 0. Thus H^^(P*) = A • Z2 is a free rank one A-niodule, 
and the action of wi (resp. W2) on H^^(P*) is given by a scalar ui (resp. U2) in A* , where u\ = 1. 
We have wi ■ Z2 = ui ■ Z2 and 1x12 ■ Z2 = U2 ■ 22- Moreover, since dp{zi) = — S2 • 1 + 1 • W2, we obtain 
that wi ■ dp{zi) = si ■ dp{zi) and W2 ■ dp{zi) = —S2 ■ dp{zi). Hence wi ■ zi — si ■ zi + xi ■ Z2 and 
W2 ■ zi = — S2 • zi + a;2 ■ 2:2 for certain xi G A* and X2 G ttia- Since xi e A*, we can replace Z2 by 
xi ■ Z2 in the A-basis {zi, Z2] of P^^ so as to be able to assume that wi (resp. W2) acts on P^^ as 
the matrix 

(6.21) W,,p-. ^ ( I ) (resp. W2^p-. ^ ( I 

where x £ mA- Since = 1 and wi ■ W2 = W2 ■ wi, this leads to the conditions 

(6.22) x{u2-S2) = 0, 

U2 = -S2 + x{ui - Si), 

in addition to the conditions S2 = 1 = "2- Note that s\ — 1 together with the first line of (|6.22p 
imply that the expression for U2 in the second line of (|6.22p satisfies Zi2 = 1. Since these are the 
only conditions needed to ensure that P* defines a quasi-lift of V'^ over A, we obtain the following: 
For all Si, 52,^1 G ^* find x G satisfying ~ \ and x{u2 ~ S2) = 0, there is a two-term 
complex 

-S2 

(6.23) Q* : Q-^=A®A^ ^AeA = Q° 

where wi (resp. W2) acts on Q'^ as the matrix Wi^po (resp. W2,po) from (|6.10p . and wi (resp. 
W2) acts on Q^^ as the matrix Wi^p-i (resp. W2,p-i) from ()6.2ip with U2 = — S2 + x{ui — si). 
Moreover, for all choices of si,S2,ui,x as above, k®AQ* is equal to the same complex Z'_i. By 
choosing suitable fc-bases for the terms of Vli, we see that V*i = Z*_-^ in C~(A:[[r]]). Thus for 
each choice of isomorphism 0_i : V*^ V*_^ in I?^(A;[[r]]), we obtain a quasi-lift (Q'j^-i)- If 
4>^i,4>'_i : Z*_i V*i are isomorphisms in P'~(A:[[r]]), one shows similarly to the case y — £ that 
(Q*, 0-1 ) is isomorphic to (Q*, 0'_i) as quasi-lifts of V'l over A. 

Let S-i = W[[ti,t2,t3,t4]]/{t2{t2 + 2), (2 + 2t2 - htAjti). We obtain a two-term complex U' in 
C~ (5-1 [[r]]) from Q' by replacing Ahy S-i, si by 1 -f ii, S2 by l + t2, ui — si by is and x by ^4 in 
(|6?2^ . in (|630ll and in ([OTjl . using U2 = -S2+x{ui-si). Let 0(7 : k®AU' = Z*_^ Vl-y be a fixed 
isomorphism in 13^ (/c[[r]]). Given a quasi-lift of over A which is isomorphic to {Q*,4>q) for Q' as 
above, it follows that the morphism a : S^i A with a(ti) — si — 1, a{t2) — S2 — 1, a(i3) = ui — si 
and a(i4) = a; is a morphism in C such that (Q*, 0q) is isomorphic to (AiSis^i.aU* , (pu) as quasi-lifts 
of V'l over A. Because max(5'_i)/(max'^(S'_i) -I- 2S'__i) has fc-dimension 4, it follows from Lemma 
16.11 that S'_i is the versal deformation ring and the versal proflat deformation ring of V'^. □ 
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